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ON H-SPACES AND THEIR HOMOTOPY 
GROUPS 
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1. Introduction 

Ler A be a space with basepoint? a,, and let m: A x A > A be a map. 
if M(x, Ag) = x M(a),.x) (LE A), 

we describe m as a multiplication and the pair (A,m) as an H-space. 
Except when comparing various multiplications on the same space we 
generally write x.y instead of m(x, y) and refer to A itself as an H-space. 
Two multiplications are said to be equivalent if they are homotopic 
regarded as maps of A x A into A. The inversion of m is the multiplica- 
tion m’ such that m(xr.y) = m'(y,x). We say that m is homotopy- 
commutative if m is equivalent to m’. We say that m is homotopy- 


aceanennatataa f~g: AXAxA->A, 
where f, g are the maps given by 
f(x, y,z) = m(m(x, y), 2), g(a. y,z) = ma, m(y,z)). 
Notice that m’ is homotopy-associative if m is. Multiplications can be 
lifted to covering spaces, in the obvious way, and the result is homo- 


topy-commutative or homotopy-associative according as the original is. 
If B is an H-space and A is the space of loops on B, then A inherits 
from B a multiplication which is both homotopy-commutative and 


homotopy-associative. 

Let u,v: X - A be maps, where X is a space and A is an H-space. 
We define the product map w: X + A by w(x) = u(x). v(x), using the 
multiplication in A, and write w = u.v. Notice that the constant map 
acts as two-sided identity. The homotopy classes of maps of X into A 
form a set 7(X;A), which inherits a binary operation from the multi- 
plication of maps. The class of nul-homotopic maps acts as identity. 
The operation is commutative or associative according as the multiplica- 
tion on A is homotopy-commutative or homotopy-associative. 

+ The revision was made after some stimulating conversation with Dr. M. 


Sugawara and Professor G. W. Whitehead, to whom my thanks are due. 
t We work in the category of spaces with basepoints. Every subspace must 


+ 


contain the basepoint, and all maps and homotopies must respect basepoints. 
The basepoint in a product space is the product of the basepoints. 


Quart. J. Math. Oxford (2), 11 (1960), 161-79. 
11 M 





I. M. JAMES 
Recall that a quasi-group is a set M with a binary operation, written 
multiplicatively, such that the equations 
z.a = 6, a.y=b (a,beM) 
admit one and only one pair of solutions x, y of M. A loop is a quasi- 
group with a two-sided identity. We shall prove the theorem: 

THEOREM 1.1. Let K be a CW-complex and let A be an H-space. 
Then a(K;A) forms a loop with multiplication inherited from A and 
ide ntity the class of n ul-homotopic maps. 

Since an associative loop is a group, we deduce at once the corollary: 

CoRoLLaRy 1.2. If the multiplication on A is homotopy-associative, 
then m(K; A) forms a group. 

Consequently the theory of group-like spaces, as expounded in (15), 
can be carried through for homotopy-associative H-spaces as well; 
there is no need to assume that any homotopy-inverses exist. Thus 
relations can be established, for example, between the Lusternik- 
Schnirelmann category of K and the nilpoteney class of (kK: A). 
Without assuming the multiplication to be homotopy-associative it is 
still possible to carry through some of the arguments of (15), with 
modifications, but it is difficult to express the results neatly in terms 
of loop-theory. 

A loop admits left and right inverses both of which are unique. By 
taking K A in Theorem 1.1 we deduce the corollary [ef. § 4 of (10)|: 

CoROLLARY 1.3. If A is a CW-complex, then the multiplication on A 
admits left and right homotopy-inverses, and these are unique up to homo- 
topy. Moreover, the two homotopy classes coincide when the multiplication 
is homotopy-associative. 

The proof of Theorem 1.1 is given in § 4 below, where it appears as an 
application of more general results on the homotopy classification of 
maps into H-spaces. In the rest of this note we study the case when 
K is a product of spheres so as to get some idea of the structure involved. 
In § 6, following (9) and (15), we define a homomorphism 

7, (A) @ 2,(A) > 7,4¢(A), 
which is trivial if the multiplication is homotopy-commutative. There 
is a law of commutation and, whenever the multiplication is homotopy- 


associative, there is a form of the Jacobi identity. The corresponding 


results for group-like spaces are well known from (15). In § 7 we define 
a homomorphism 


(A) & (A) 2 1,(A) > TWigirl(A), 
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which is trivial if the multiplication is homotopy-associative. Certain 
permutation laws hold when the multiplication is homotopy-commuta- 
tive. Combinations of these two invariants are studied in § 8, anda 
relation is established between them which reduces to the Jacobi 
identity when the multiplication is homotopy-associative. In § 9 the 
theory is illustrated by considering examples when A is a sphere. There 
is an appendix containing some supplementary theorems on the struc- 
ture of 7(.X; A) in case X or A is a suspension. 


2. Separation elements 


Let V"*! (n > 0) denote the (n+ 1)-element which consists of points 


(9, y,---.2y,---) in Hilbert space such that 2, = 0 if i > n and such that 


-2 2 2 << | 

r+ai+...t2 , 

We take S", the standard n-sphere, to be the boundary of V"*!. Let « 

1. and let 2", E" denote the 

hemispheres where x, > 0, 2, < 0, respectively. Let p,, q,:V"— S" 
onto E", E", 


respectively. We adopt the system of orientations described in (4), 


denote the point of S” where x, 


(n 1) denote projections parallel to the axis of x, 
where the degrees of these projections are (— 1)", (—1)"*', respectively 
[see (1.2) of (4)]. 

Separation elements are defined as follows. Let A be a CW-complext 
with a subeomplex L whose complement is an oriented n-cell e". Thus 
e" is the homeomorphie image of the interior of V" under a characteristic 
map f:V" — K such that fS"-' c L. Let X be a space and let u, v: A > X 
be maps which agree on L. The separation element d(u, v) of 7,,(X) is 
defined to be the class of the map g: S" -» X which is given by 

IP, uf. 99, = uf. 2.1) 
For d(u,v) = 0 it is necessary and sufficient that u ~ v (rel L). The 
main properties of separation elements are the addition formula and 
various forms of naturality, as set out in § 10 of (5). 

Let p),, g),:V"™ K + S™* K denote the products of p 

tively, with the identity on A, so that 
Pn(V™x K) = E™ x K, qa(V"x K) = B@ xk. 
Then p’,, determines a relative homeomorphism of 
(V"xK, S™"xKUV™xL) into (S™xK, E™x KU S"™~x L), 


which contains (S"= K, ex K U S™™ L) as a deformation retract. The 


Im Tespec- 


m? 


degree of p,,, being (— 1)" we deduce the lemma: 


+ In a complex the basepoint is required to be a sub-complex. 
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Lemma 2.2. Letu, oS» K » X be mapa which agree on 
Ek" «x KU S®x L 
Then d(u, wv) ( 1)"d(up,,. ep,) 

In this lemma the elements d(u,e), d(up),,ep),) are evaluated with 
respect to the subspace «e« A US” L, S®'« KUV"x L, reapeo 
tively, Similarly we obtain the lemma 

Lemma 2. Let u,e S®* Ko» XN be mapa which agree on 

RH" x K US" x L 
Then d(u,v) byline OY) 
These lead to the theorem 
Thnonem 2.4.) Let U,, VN” > N QO, 1,2) be ma pa such that 
On bY K suppose that 
ly 
andon BM «Kh VHP pose that 
iy My 


Then (uy, Vy) d(u, )) d(uy, vs) 


Kor let w Shoe X map bh". A according to uv, and hk“. AK 


according toe. ‘Then 
du Uy) Lyd (up, Yo Pin) 


1)" (ty Pas Oy Pad A(uy, 0) 


m 


»? and 


by Lemma * 
d(u,, w) (..1)" (ty Yin» uy.) 
(Ly (ty dine Me Pind (ity, Uy) 
by Lemma 2.5. Hence Theorem 2.4 follows from the addition formula 
for separation elements, 
3. Mappings of complexes 
Let A be a CWoecomplex and let Lobe a subcomplesx, Let (M,N) 


denote the pair obtained from (J, A) by pinching 1 to a point, where 


J ia the cone on base A We describe L as retractile in AK if N is con 
tractible in M. If 1 is retractile in A, the homology exact sequence 
reduces to 0» HL) » H(K) - WK, L) 0 


although it need not split as it does when L is a retract of KA. We 
prove the lemma |ef, (2.7) of (15)| 
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LemMa 3.1. Let L,,..., lL, be subcomplexes of K each of which isa retract 


of K. Suppose that there exist retractiona 1K > L, (i 1,...,n) with 
Lj) Loon). Then Lia retractilein K, where Lo L,U..U Ly. 


For consider the sUboOm plexes 


where Ly is defined to be the basepoint and 


= 5 


The composition of the inclusion A+» J with the projection J > M in 
a nulbhomotopic map fi A» Mo which is constant on L. Make the 
inductive hypothesia that fisnul homotopic (rel 1) ,), where bs ts mn, 
Ify, A» X in one such nul-homotopy (rel 1, ,), then another in given 
by 


{ Var (O= te 4), 
ly, ut (hot 1). 


Since A, hy, on L,, it follows that A.) L, can be deformed into the 
trivial homotopy and hence, by the homotopy-extension theorem, that 
h, can be deformed into a nul-homotopy of f (rel 1). Therefore f is nul 
homotopic (rel L), by induction, and so N in contractible in Mf, Thin 
proves Lemma 3.1 

or example, NUP Pome that A A 


1? ~K,, where Ay,..., & 


CW complexes with basepoints ¢,,..., ¢ ‘Take the L, to be the 2’—2 


“a ‘ 


, &ro 


proper subcomplexens hy “ kh, where hi ‘ ur A,, , ki 
A, ‘Then the conditions of Lemma 3.1 are satisfied, and so L im re 


tractile in A, where “L is determined by 
A L (kK, €) t,) 


In the applications we take A,,..., A, to be spheres of various dimensions, 
an in § 3 of (1) 


Let \ be a space, We now prove the lemma 


Lemma $3.2. Let Lhe retractlein KR. Let ff Kh > X be nul homotojne 
mapa u hich agree on L. Then {=~ f'(rvel L) 


Let f, be a nubhomotopy of f. By the homotopy extension theorem 
there existe a homotopy fi of f' into f", way, such that f, L fi L 
Since f" ina nul-homotopie map which is constant on L and since L 
in retractile in A, it follows that f% is nul-homotopie (rel 1), Let 7 be 
a homotopy (rel L) of f” into the constant map, Let g, denote the 
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homotopy of f into f’ which is defined by 
[fe <td. 
° 1<t<%), 
a (R<t<)). 


Since g, = g,, on L, it follows that g,\L can be deformed into the 


J * 


fos | 
ly; 


constant homotopy and hence, by the homotopy-extension theorem, 
g, can be deformed into a homotopy of f into f’(rel L). This proves 
Lemma 3.2. 

In the following two lemmas we consider a map p: X + Y, where X 
and Y are spaces, which induces a (1, 1)-correspondence 

Puit,(X) > 7,(Y) to == @, I....). 

Let K be a CW-complex and L a subcomplex. 

Lemma 3.3. Let f:K > Y and g:L - X be maps such that pg = f L. 
Then there exists a map h: K + X, extending g, such that ph = f (rel L). 

Let Z denote the mapping cylinder of p. Then ri = p and rj = 1, 
as shown below, where i, j are inclusions and r is the standard retraction. 

X—+Z—+Y—+Z 
Moreover jr ~ 1 (rel Y), by a deformation u,: Z > Z such that ru, = r 
for 0<t<1. Write ig=g9':L—>Z, jf=f':K—>Z. Since wg’ is 
a deformation of f’|Z into g’, it follows from the homotopy-extension 
theorem that f’ ~ f”, say, where f” is an extension of g’ such that 
rf’ ~ rf” (rel L). However z,(Z, X) = 0 since r is a homotopy equiva- 
lence and p = ri. Therefore f” ~ th (rel L), by (K) [(16) 228], where 
h:K -» X is a map such that g = A'L. Hence 
f=rf=rf' =rf’ ~rih= ph (rel L), 

which proves the lemma. 

Hence we deduce the lemma: 

Lemma 3.4. Let hy, hy: K > X be maps which agree on L such that 
phy = ph,(rel L). Then hy = h, (rel L). 

For lett g:K x IU Lx 1 +X be defined by 

( h(x) (xe K,tel), 
g(x,t) = 
lAg(z) = h(x) (we L, te 1). 
By hypothesis pg can be extended over K x J. Hence g can be extended, 
by Lemma 3.3, and this provides a homotopy of h, into h, (rel Z). 


+ Here J denotes the unit interval, where 0 t l. 
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4. Proof of Theorem 1.1 

Let A be an H-space with basepoint ay. Consider a map u:K > A, 
where A is a CW-complex, and write v = u|L, where L is a subeomplex. 
We prove the theorem: 

THEOREM 4.1. Let f{:K - Aandg:L - A be maps such thatg.v =f \L. 
Then there exists a map h: K -» A, extending g, such that h.u = f (rel L). 

We apply Lemma 3.3 with X = Y = B, where B = AxA, and 
with p: B > B defined by 

p(x. y) (x.y.y) (a, ye A). 
It is shown in § 4 of (10) that p induces an automorphism of the homo- 
topy groups of B. We have pg’ = f'|L, where 
f’ (f,u):K > B, g’ = (g,v):L > B. 

Hence there exists a map h’: K - B, extending g’, such that ph’ ~ f' 
(rel L). Consider the maps h, w: K +A defined by h’ = (h,w). We 
have q hAiL, v wL. Furthermore h.w ~ f(rel ZL), and w ~ u 
(rel L), so that h.u ~ f(rel L). This proves Theorem 4.1. 

Similarly we obtain the theorem: 

THeoremM 4.2. Let f:K > Aandg: L -> A be maps such thatv.g =f \L. 
Then there exists a map h: K -» A, extending g, such that u.h = f (rel L). 


$y applying Lemma 3.4 instead of Lemma 3.3, we obtain the theorem: 


TuEeoreM 4.3. Let ho, hy: K > A be maps which agree on L such that 
either hy.u—™ h,.u(rel L) or u.hy ~ u.hy(rel L). Then hy ~ h, (rel L). 
If L is the basepoint, these theorems show that 7(A; A) is a loop, 
which proves (1.1). If Z is retractile in A, we deduce the corollary: 
CoroLLaRyY 4.4. Let L be retractilein K. Let f, f': K — A be homotopic 
maps which agree on L. Then f = f' (rel L). 
For by Theorem 1.1 there exists a map u:K +A such that f.u 
and f’.ware nul-homotopic. Hence f.u ~ f’.u by Lemma 3.2, and so 
Corollary 4.4 follows from Theorem 4.3. 


5. Maps into an H-space 
Let K be a CW-complex with a subcomplex ZL such that e"U L = K, 
as in § 2. Let A be an H-space. If u,, v;:K > A (i = 0,1) are maps 
such that u; L = v,; L, then 
A(Ug. Ug, Uy. Vy) = A(Ug, Vg) +-d (Uy, Vy) (5.1) 
since the structures of 7,(A) and a(S"; A) coincide.t This relation 
enables us to discuss separation elements as follows. 
+ Cf. Theorem 10.1 below. Because of this we generally use the additive 


notation for w7(S8"; A). 
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Let u, v:K + A be maps which agree on L. By Theorem 1.1 there 
exists a map w:K +A such that v.w is nul-homotopic. Let A, be a 
homotopy of v.w into the constant map and let g, be a homotopy of 
u.w into k, say, where g, agrees with h, on L. Since & is constant on L, 
there is an induced homomorphism 
ky:a,(K, L) > 7,(A). 

Since d(g,,h,) does not vary with ¢t, we have 

d(u.w,v.w) = d(g,,h,) = kyo € 7,(A), 
where o € z,,(K, L) is the class of the characteristic map. However, 

d(u.w,v.w) d(u,v)+d(w,w) = d(u, v), 
by (5.1), and so d(u,v) = kya. 
For example, suppose that the multiplication on A admits a continuous 
right-inverse. Then we may take k to be the product of u with the 
right-inverse of v, in which case (5.2) provides an appropriate way of 
defining d(u,v). Of course left-translation instead of right-translation 
would do just as well. 


Let K’ be a CW-complex with a subcomplex L’ whose complement 
is an m-cell e™, Let f:K’ + K be a map such that fL’ c L. By identi- 
fying L’ to a point in K’ and L toa point in K we obtain from f a map 


g:S"— S”" of class 6, say, where #€7,,(S"). Let o’ €7,,(K’, L’), 
aoém,(K,L) denote the elements represented by the characteristic 
maps. Let u, v, k:K >A be as in (5.2). Then 
(kyo) 00 = (kf), o’, 
by taking representatives, and hence, by (5.2), 
d(u,v)o@ = d(uf, vf). (5.3) 
We conclude this section by using Corollary 4.4 to prove the theorem 
THeoreM 5.4. Let L be retractile in K. Let u;.v;:K >A (i 0,1) 
be maps such that u;'| L v, L. If uy =~ uy, and vy = v, then 


d(Up, Vg) = (uy, 4). 


Let u, be a deformation of u, into u,. By the homotopy-extension 
theorem there exists a deformation h, of vy into vj, say, such that 
h,L =u, L. By (4.4) v1, ~ v; (rel L) since v, and v, are homotopic maps 
which agree on L. Therefore 

d(u,.v,) = d(u,,v}) = d(ug, v9) 


since d(u,,h,) does not vary with ¢. This proves Theorem 5.4. 
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Let u,v: K > A be maps such that u L ~v L. We write 
(u,v) = d(u,v’), 
where v’ is any map which is homotopic to v and agrees with u on L. 
It follows from Corollary 4.4 that 3(u,v) is independent of the choice 
of v’, and that u ~ vif and only if 8(u,v) = 0. It should be emphasized 
that this way of extending the definition of separation elements is 
based on the hypothesis that L is retractile in A, as well as that A is 
an H-space. 


6. Obstruction to homotopy-commutativity 
Let A be an H-space. Let a € 7,(A), 8 € 7,(A) be homotopy classes 


of maps u: S? > A, v: S254, 


respectively. We write <a, 8 d( f.g) © 7 4g(A), where f,g: S? x S4—> A 
are the maps given on x € S?, y € S% by 
f(x,y) = €.n, g(x,y) = n.€ (€ = ux, ny = vy). 

If the multiplication on A is homotopy-commutative, then f ~ g and 
so <a,B 0, by Corollary 4.4. Thus <«,8> can be regarded as an 
obstruction to homotopy-commutativity. 

We prove that («,8)— <a,f> is a bilinear operation and therefore 
induces a homomorphism of the tensor product 


m,,(A) & m,(A) > (A). 


_ 
Tn+q 


Suppose that a = a’+.”, where a’, a” €7,(A). Let u’, uw": S? +A be 


representatives of a’, «” such that w’ is constant on E” and wu’ is constant 
on E”. Let u, the representative of a, map E” according to uw’ and E? 
according to u”. By substituting u’ and wu” for u in the definition of 
(f,g) we obtain further pairs of maps (f’,g’) and (f”,g”) such that 


x’, B> = d(f’.g’), x", B> = d(f”,g"). 


In Theorem 2.4, with m = p, we take 


, 


ue=-f,e=9; & =f',.%,=—9; a =f", % 


The hypotheses of the theorem are verified and so 


d(f,g) = d(f',g')+d(f".9"), 
which shows that the operation is left-linear. Right-linearity can be 
proved similarly. or else can be deduced from left-linearity by use of 
the following commutation law. 
Let T: S¢x SP + SPxS* be defined by T(y,x) = (x,y). Then 
d(Tf, Tg) (—1)"¢d( f,g) since the degree of T is (—1)?%, and hence 
x, B> = (—1)P9+108, a). (6.1) 
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THeoreM 6.2. Let «a€7,(A), BE mA), yea,(A). Lf the multiplica- 


tion on A is homotopy-associative then 
(—1)"?<<a, B>, y> +(—1)?*<B, y>, 2 +(— 1)? <Ky, a, BD = O. 

The relation in Theorem 6.2 is known as the Jacobi identity. The 
proof in § 4 of (15) is for group-like spaces but can readily be adapted 
since it is the group-structure of 7(A;A) which is needed and this is 
provided by Corollary 1.2 above. 

We turn to consideration of naturality. Let Ae 7,(S”), pw € 7,(S*). 


Then LOA, Bop 1, B> o (Ap), (6.3) 


by (5.3), where Ax € 7,,,(S?*4) denotes the reduced join as defined 
in § 3 of (2). 
Let h: A-» A’ be a map, where A and A’ are H-spaces, and let 
k,l: A» A - A’ denote the maps defined by 
k(x, y) (ha). (hy), (x,y) h(w.y) (#,y eA). 


We say that ‘/ is an H-map’ if k ~ /, in which case h induces a homo- 


morphism h,: m(X;A) > 2(X;A’). 


For example, suppose that A and A’ are the same space, with multiplica- 
tions m and m’. Then m is equivalent to m’ if and only if the identity 
transformation is an H-map. 

Let 4: A» A’ be an H-map. We conclude this section by proving 


that h,<a«,B> = <h,a, hy B>, (6.4) 


* 
which incidentally shows that <a, 8> is unchanged when the multiplica- 
tion on A is altered to an equivalent one. Let f, g: S? x S1-> A mean 
the same as before, and let f’, g’: S?x S?-> A’ be similarly defined 
with hu, hv in place of u, v. We have hf ~ f’ and hg = g’ since h is an 
H-map. By Theorem 5.4 and naturality, 

d(f’,g’) = d(hf. hg) h,d(f.9), 


which proves (6.4). 


7. Obstruction to homotopy-associativity 
Let A be an H-space. Let a € 7,(A), Be 7A), y © ,(A) be homo- 
topy classes of maps u: S? > A, v: St? A, w: S’ > A, respectively. 
We write <a, 8, y> = d(f,g) € ty4gs-(A), where f, g: S? x S¢x S" + A are 
the maps given on x € S”, ye S¢, ze S” by 
f(x, y,2) = (E-)-0. g(t, y,2) = €.(n.8) 
(€ = uz, » = vy, ( = we). 
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If the multiplication on A is homotopy-associative, then f ~ g, and so 
x, 8, y> = 0, by Corollary 4.4. Thus <a,8,y> can be regarded as an 
obstruction to homotopy-associativity. 
We prove that («,8,y) > <a,8,y> is a trilinear operation and there- 
fore induces a homomorphism of the tensor product 


7,(A) @ m(A) @ 2,(A) > ty igir(A). 
Suppose that «a = a’+-«”, where a’, a” €7,(A). Let wu’, uw”: S? > A be 
representatives of x’, «” such that w’ is constant on H? and wu” is constant 
on E”. Let u, the representative of a, map FE” according to u’ and 
E” according to u". By substituting uv’ and wu” for wu in the definition 
of (f,g) we obtain further pairs of maps (f’,g’) and (f”,g”) such that 
r’,B,y> = d(f’,g’), x”, B.y> = d(f”,g"). 
We apply Theorem 2.4 with m = p, as before, and obtain that 
d(f,g) = d(f'.g')+d(f",9"), 

which proves the operation to be linear in «. Linearity in f and y is 
proved similarly. 

THeoreM 7.1. Let «€7,(A), BE 7,(A), yea(A). Lf the multiplica- 
tion on A is homotopy-commutative, then 


(a) x, B, y>+(— 1) teatardy, B, 0, 


) 


(b) (—1)<a,B,y>+(—1)?% 8, y, a +(—1)"<y, a, B 0, 

Let 7: S'« S@x SP + SP x S¢x S" be defined by 7'(z,y,2) = (x,y,z). 
Let f, g be as before and let f, J: S’? x S¢« S' > A be defined by 

F(x. y, 2) ({.%).€, G(x, ¥, 2) C.(7.&). 
Write ¢ = (—1)'”*+”4+4", which is the degree of 7. Then 
td(f,g) = d(fT.gT) y,B, a>, 
d(f.f.9g.g) = d(f.g)+-d(f.g), by (5.1), 
x, B, y>+-t<y, B, a>. 


and so 


If the multiplication on A is homotopy-commutative, then f.f ~ 9.4, 
and so d(f.f,g.g) = 0, by Corollary 4.4. This proves (a). 


To prove (6) we introduce the maps f’, g’; f”, g": S?x SxS’ >A 
which are given by 
ff’ (x, 4,2) (7.¢).€, g' (x, Y, 2) n-(C.€), 
Sf’ (x,y,z) = (€.€).n, g”" (x,y,z) = ¢.(€.n). 
By rearranging the factors of S? x S? S’, as before, we find that 


d( f’,g’) = (—1)?4+?"¢B, y, a>, d(f”,g") = (—1)""**"<y, a, BD. 
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If the multiplication is homotopy-commutative, then 
f ~ q", | ~ q, , ~ q’, 
and therefore S.f' = 9" .9, g.g =f" .g. 
Hence d(f.f', 9.9’) = d(g".9, f"-9), 
by Theorem 5.4, and so it follows from (5.1) and the addition law that 
d(f,g)+d(f’,9')+d(f",9") = 0. 

This proves (6) and completes the proof of Theorem 7.1. 

Finally we discuss naturality. Let A €7,(S?), » © 7;(S%), v € 7,(S"). 
The reduced join is associative so that 

A» Kv E 14; _p( SP t9+7) 
is defined, and by (5.3) we have 
LOA, Bop, yor 1,B,y> 0 (AX pv). (7.: 

Let h: A-» A’ be an H-map, where A and A’ are H-spaces. We 
prove that h,<a, B,y hy why Bi hyy>, (7.3) 
which incidentally shows that <«,8,y> is unchanged when the multipli- 
cation on A is altered to an equivalent one. Let f,g mean the same as 
before and let f’, g’: S? x S¢x S" > A’ be similarly defined with hu, hv, 
hw in place of u, v, w. Then f’ ~ Af and g’ = hg since h is an H-map. 
By Theorem 5.4 and naturality of separation elements, 

d(f’,g') = d(hf. hg) = h,d(f.9), 


which proves (7.3). 
8. Relation between the two obstructions 


Let a € 7,(A), Be 7,(A), y © 7,(A), where A is an H-space. We con- 
sider the expressions 


O(a, B, y) = (—1)"P+Ma, B, y> + (—1)PO+DLB, y, ad + (—1)er+Dcy, «, BD, 
d(x, B, y) = (—1)POPcy, B, a> + (— 1) 4 +O, y, B>+(— 1)" Ba, y>, 
(a, B,y) = (—1)"?<<a, BD, y> +-(— 1% <B, y>, a> +(—1)™<<y, &. BD, 
and show that they satisfy the relation 
O(a, By) = (— 1) +¥9+97h (a, B, y)+-(— 1)? +4 +(x, B, y). (8.1) 


The proof is based on Theorem 6.2, the Jacobi identity, to which 
(8.1) reduces when the multiplication is ho.actopy-associative. We make 
use of the theory of reduced-product spaces [see (3)] which generally 


facilitates the discussion of non-associative H-spaces. 
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Consider a space X and an H-space A. Let X,,, the reduced-product 
space of X, be constructed as in (3). Points of X,, we recall, are 
represented by finite sequences of points in X, subject to certain 
identifications. A subspace X,, (m -- 0, 1,...) is formed by the sequences 
with not more than m terms. Let [2j,...,2,,] denote the point of X,, 
represented by the sequence (2j,...,2,,), Where 2},..., 2, € X. We identify 
xe X with [x]¢ X,, so that Xc X,. Each map h: X + A admits an 
extension h': X,, > A which is defined inductively by 


(m = 2, 3.,...). 


m 


Rh] S55 Sqys0-y Legg) = B(S,) BTS g,.005 Bey 
Thus the homomorphism of homotopy groups induced by h can be 


decomposed into 
o Pp 


a,(X) ——> 7, (X,) > 7,,(A), 
where o denotes the injection and p the homomorphism induced by h’. 
Suppose now that X = K, a countable CW-complex with only one 
0-cell. By (1.11) of (3), X, is then an H-space with an associative 
multiplication such that [., Y,-++.-2,- Notice that 


m 
hh’ (xy. agg) = Yy-(Yo- Ys): (8.2) 


where y, hx, (i 1, 2,3). Since A’(x,.2,) = Y,-Yo, it follows that 


pra, pu pa, pu, (8.3) 
where A € o7,(X), w € o7,(X). When the multiplication on A is homo- 
topy-associative, we have naturality with respect to p, as in (6.4), since 
h’ is an H-map. In general this will not be the case, and the following 
lemma shows how the deviation from naturality is related to the 
obstruction to homotopy-associativity : 


LEMMA 8.4. Let « = pA, B = pp, y = pv, where X€ o7,(X), wp € on,(X) 
oTr,( X). Then 
x,B>.y>— A,m>,v (—1)?+4(<a, B, 4 
y Pp I Y 
$v hypothesis A, «x, v can be represented by 
u: SP > X, v: Si> X, w: St > X, 


respectively, regarded as maps into X,. Write p+q =m and con- 
sider the projections 
Pars , ve x ST > S™ > S’, 
as in § 2, which are given by 
P(t, z) = (Ppt, 2), Gin(t,z) = (qmt,z) (te V™, ze S”). 

Let k: V™ -— S? x S®% be an orientation-preserving map, topological on 
the interior of V™, such that kS™-! c S? xe Uex S%, Then kt = (z,y), 
say, where x € S?, ye S%. Write € = uz, n = vy, ( = wz, and s = (t,2z). 
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By (2.1), (<A, p>, d(f,q), where f, g: S™* S'-» X,, are the maps 
pete SPnl8) = E90, SAnl8) = 9-€-6, 
IPm(8) = SE, I m(8) = To. 
Write f’ = h'f, g’ = h’g, so that 
d(f',g') = pd( fig) = pCa, p 
By (8.2), f’, g’: S™« 8S" +A are given by 
LPs) = E('.0), F'Gmh4) 
q'p,(8) = 0 .(E'. 0’), I Tn 8) 
where &' = hf, »' — hy, [ = ht. Consider also the maps 
f’,g°’: S®xS' +A 
which are given by 
{"p,(@) = (€°.9').C’; S"Gm(8) = (7'-€ 
gp, (8) = £'.(y'.0), "Gin l8) = (9 € 
By (2.1) and the addition formula, 
pir, a>, py d(f".g') = df" f')+d(f'.q’). 
Hence it follows from (8.3) and (8.5) that 
pica, p>,v d(f”.f’). (8.6) 
Phe product of & with the identity on S’ determines a relative homeo- 
morphism 
(V™ x S", 8" 


> (NP x Sex NS". ¢ S@x STU SP x ¢ 


which is compatible with orientations. Hence 


x, 8,4 Uf" Pins I Pm) = (-Iyrd(f".g"), 
by Lemma 2.2, and moreover 
( 179-8. u,Y dQ" Gin: f'q;,) ( ])" Hd(g", f’), 
by Lemma 2.3. Hence Lemma 8.4 is obtained from (8.6) and the 
addition formula 
Uf. G)+d gf’) = df" .f)). 

Now we are ready to prove (8.1). Inthe lemma take X — S? « S@« S’ 

and define h: X -- A by multiplying representatives together so that 


x | por,(X), Be por, (X), y © po7,| X). 


/ 
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Let A+ om,,(X), pee om,(X), v é om,(X) be elements such that « pa, 
B = pp, y = pv. Then (A, p,v) = 0, by Theorem 6.2, since the multipli- 
cation on X,, is associative. But 
(— 1)? *4*"(yb(a, B, y) — pyh(A, ps, v)) O(a, B, y) —(— 1)yrP Pa tard (a, B, y), 


by Lemma 8.4 and its permutations. Hence (8.1) follows at once. 


9. Multiplication on spheres 

The case A S”" (n > 1) exhibits a number of interesting features. 
Let n be odd, for otherwise S” is not an H-space, and consider a multi- 
plication on NS". We write 


A tyr ly ‘ To,(S"), by 9 nm tts,(S"), 


where «, denotes the generator of 7,,(S") represented by the identity 
map. Notice that A, = 0 (pn, 0) is the necessary and sufficient 
condition for the multiplication to be homotopy-commutative (homo- 
topy-associative). By (6.3) and (7.2), 


(a) 1,8 A, oO (a * B) (9.1) 


(b) x, By y p, O(a * Bx y)) 


where a€ 7,(S"), Be 7 (S"), y © 7,(S8"). Thus the order of ¢a,B> is 


a divisor of the order of A,,, and the order of <«,8,y> is a divisor of the 
order of ,. From (9.1(b)) and the commutative law for the reduced 
join, as in (3.10) of (2), we obtain the relations 


(a) x, By y> + (— Dye eatery, B, x 0 


(9.2) 
(b) (—1)? <a, Byy (—1)"4-B, y, (—1)*<y,«,B | 


Notice that (9.2(a)) is the same relation as occurs in Theorem 7.1 (a) 
although the multiplication may not be homotopy-commutative. We 
take up this point in Corollary 10.3 below. It follows from (9.1 (a)) that 


v,B>, <y,4 1B »¥>), 9)» (9.3) 


) 
where 667,08"). We have 2(,,,A, 0, by (6.1), but <A,,A,> 4 0 
in the case of quaternionic multiplication on S*. Probably only a few 
non-trivial elements can be built up from ¢, by the two kinds of bracket- 
ing operation, but the investigation of such matters seems to demand 
more information about the homotopy groups of spheres than is at 
present available. 

It is interesting to determine the orders of A, and y,. To avoid 
trivialities we exclude the case n 1. Let n = 3 or 7 since it is shown 


in (1) that other values of n are impossible. We represent points of 
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S" by unit quaternions when n = 3, by unit Cayley numbers when 
n = 7, so that the pure imaginaries represent points of S"-'. We con- 
sider first the classical multiplication on S", i.e. the quaternionic when 
n == 3, the Cayley when n = 7. By (5.1), A, = d(u,v), where 
u,v: S"x 8S" > S8* 
are the maps given by 
u(r, y) 2.Y.x", V(r, y) y (x, ye S*). 

If y is pure-imaginary, then so is u(x, y), and the transformation is a 
rotation p(x) of S"-!. By definition d(u, v) is the element obtained from 
p: S*-» R, by the Hopf construction, where &,, is the rotation group 
of S"-'. Hence A, = Jx,. where «,, © 7,(R,,) denotes the class of p and 
where J: 7,(R,,) > m,(S8") 
denotes the homomorphism which is defined by means of the Hopf 
construction. Recallt that 7,(#,,) is evelic infinite and that 7,,(S") is 
evelie of order 12 (n 3), 120 (n 7). The generalized Hopf in- 
variant of A, is non-zerot and, since 27,,,(S?"~') 0), this shows that 
the image of J has an odd index. Also it follows from Theorem 2 of 
(8) that the image contains elements of order 3 (nm = 3), 15 (n = 7). 
Therefore J is onto, and moreover A,, generates 7,,,(N") since «, generates 
7, (R,). 

Now change the classical multiplication m to an arbitrary multiplica- 


tion m’. Invariants of m’ are distinguished from those of m by adding 


a prime in the notation. Since z,,(S") is evelic, we have d(m,m) rA,. 


where r is an integer, and a convenient m’ with this property can be 
defined in terms of the classical multiplication by 

m'(x,y) ftg.e7 (2.9 8”). 
Notice that every left translation is a rotation. Since n is odd, we 
have X—A, 2d(m',m), by the addition formula for separation 


elements, and so y (27+1)A,. (9.4) 


n 
In the case of p’, the situation is more complicated. A complete 
determination of 4 is given in § 3 of (7). A similar argument for 87 
shows that the order of yu is divisible by 3, which is the greatest odd 
divisor of the order of To,(S*). By (8.1) we have 
Gu, = 3<X,,4,>’ = 3(2r+1)%A, o EA, 


by (9.1 (a)) and (9.4), where E"A,, = A, ««,. According to (12), 


24775,(S") 0. 
+ See (11), (12), (13) for information about these groups. 
t See § 4 of (11) and § 8 of (14). 
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and the order of A, o £7A, is divisible by 4, from which it follows easily 
that the order of yu is 24. 

In conclusion let us consider briefly the real projective n-space P", 
where 7 1. Ifn = 3 or 7, then m’, in the above form, determines a 
multiplication on P". There are at least 12 classes of multiplication 
on P* and at least 120 on P’. There are no homotopy-associative 
multiplications on P’, and no homotopy-commutative multiplications 
on P% or P?. There are no multiplications on P" unless n = 3 or 7. 
All these statements follow from the corresponding results for multipli- 
cation on spheres [see (1), (6), (7)| with the aid of the covering homotopy 
theorem. 


10. Appendix 


Let Y be a space with basepoint y,. Let SY denote the suspension 


of Y which is obtained from Y x J by identifying Y x / U y,x I with y,, 


the basepoint in SY. Points of SY are represented by pairs (y, ¢) 
(ye ¥,te 1) subject to appropriate identifications. Let R: SY -» SY 
denote the reflection map given by R(y,t) = R(y,1—t). Let 
P, Q: SY + SY 
denote the maps given by 
P(y,t) (y, 2t), (y, t) Ze (t : 
P(y,t) = 29, Y(y, t) (y,2t—1) (t 

Then P~1—= Q. 

Let X be a space and let A be an H-space. We prove the well-known 
theorem: 

TuroreM 10.1. If X is a suspension, then m(X; A) forms an abelian 
group in which the inverse is given by reflection, 

Since X is a suspension, the maps P, Q, R: X -» X are defined. 
Consider maps u, v, w: X + A. We have 

u.v ~ (uP).(rQ) (vQ).(uP) ~ v.u, 
which proves commutativity, and 
(u.v).w ™ ((uP).v).(wQ) (uP).(v.(wQ)) ~ u.(v.w), 

which proves associativity. Since u.(wR) and (wk).u are nul-homo- 
topic the proof of the theorem is complete. 

Let M be a set with a binary operation, written multiplicatively, and 


a two-sided identity |e WM. We say that M forms an alternative loop 


usu ° i1 N 
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if the following conditions are satisfied. First, every element x ¢ M 
admits a two-sided inverse x-!'¢ M. We describe a pair of elements 
as involutory if they are equal or if one is inverse to the other. The 
second condition is that 

(x.y).2 = a2.(y.z) (x,y,z€ M) 
provided that one of the pairs (x,y), (x,z), (y,z) is involutory. Thus 
any two elements of an alternative loop generate a group. We prove 
the theorem: 

THEOREM 10.2. Jf A is a suspension, then 7(X; A) forms an alternative 
loop in which the inverse is given by reflection. 

Since A is a suspension, the maps P, Q, R: A +A are defined. If 
u: X - A is a map, then w.(Ru) and (Ru).u are nul-homotopic, so that 
the first condition is satisfied. In the case of the second condition 
x, y, 2€7(X;A) can be represented by maps u, v, w: X + A which 
satisfy one of the six relations: 

v=, v= Rw, u=w, w= Rw, =, w= Ry. 

Define (u’, v', wv’) to be one of the triples 

u,Pv,Qw) (v= w), (wu, Pv, Pw) (v= Rw); 

(Pu,v,Qw) (u w), (Pu,v,Pw) (u= Rw); 

(Pu, Qv.w) (u = v), (Pu, Pv,w) (u= Rr). 
Then (u.v).w om (u’.v’).w’ = w’.(v’.w’) ~ u.(v.w), 
which establishes the second condition. This completes the proof of 
Theorem 10.2. Hence we deduce 

COROLLARY 10.3. Let ae€7,(A), B« , ye7,(A). If Aisa 

suspension, then 
x, B, y + (— ] )"P+Patar y,B, x 
For let «, 8, y be represented by maps 
u: SP>A, v: 8S1>A, w: S' A, 
respectively. Let f, g: S? x S¢x S’-» A be the maps defined by 
f(x. y.z) = (€.n).f, g(x, y,2z) = €.(.%), 
where x € S?, ye S4,z2€ S' and € = uz, y = vy, ¢ = wz. Write 
£’ Ré, 7’ Ry, (€' = RC. 


Since inversion is an anti-automorphism, by Theorem 10.2, it follows 


that Rf ~ /, Rg ~ g, where f, 7 are the maps defined by 


tad 


('-€), —— G(®, y, 2) = (C.9')-€. 
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Hence d( Rf, Rg) = d(f,g), by Theorem 5.4. But 
d( Rf, Rg) = —<a,.B,y>, 
d(g,f) = (—1yr tartare —y, —B, —a 


and so Corollary 10.3 is obtained. 
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THE PRODUCT OF BASIC BESSEL FUNCTIONS 
By L. CARLITZ 
(Duke University) 


{Received 15 March 1959} 


Ia q”xt)(1—q"x-) s | 1)"x" J, (t), 


x 


[T] (h—qnat) (1 —qrar't)-} > x"l,(t), (2) 
0 x 
where g! <1. The functions /,(t), J,(t) were first introduced (in 
different notation) by Jackson (4, 5) and have been discussed recently 
by Hahn (3). Since 


I(t) YY qe l)+d(nerkner Lyn sf (3) 
a (VQ n +7 


r-0 


a t” +2r 
I(t) S ; : 
(DAM n+r 
where (G), = (I—q)(1—q’*)....1—q"), (Vo 
I 
and O (n i & im fi 
(V)-n 

the functions may be called ‘basic analogues’ of the Bessel functions, 
Using (3) it is not difficult to verify that 


. q n 142 
in(in—l) pn 
2 i a I (qt) | Ta y” _ yl q"x if)’ 


which implies L(qit) = GL (0 Il (1—q’t?) 
r=0 
In the next place put 


I] (l—g"t)“"\(1—qnrat) > H, (rye (dns 
0 


TP] (1—qrey(d—qrat) = S (1g 9G, (2)"/(Q) 
0 


where a n. 
H (x) n x. G(x) ‘% arena, 
— il — 


r 
r=0 


|" (7) n|__ [n 
tr) D(Dn-r A ; " . 
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Orthogonality properties of (2) and H,,(7) have been proved by Wigert 
(7) and Szegé (6), respectively. I have obtained (1, 2) the bilinear 
generating relations 


A {” ‘ ny 2 
>; He) tu) i—qzyt 


<— (q [| (1 —q"t)(l—q"at)(l—q"yt)\(l q'aryt) 


, ss ‘” 
S (—1)nqinmn G,(r)@,(y) 
a ‘ 


| | (!—qrt)(l—q"at)(l—q"yt)— qraryt) 


1l—g"xyt* 
1 


We now consider the sum 


fneer ' 


> Fa n(t)t,(z) ‘ nm S S : : 


SO DAD rin (Dsl Daron 


n 


> (xtz)"t?"22* = (atz)"-"t?"z% 
aot (Dh AQ ADs n(Qiean —_ (DAD) Dn Dn 


mnr.a 
m r= 8 


Sy Ss =i Sy (<)’ 


Dk a (Manl(De\ 2) nn Sep DAD n\r2 


k 


_ 


so that ‘ r"L (t)L, (2) >. es n,(""\1,( : ). (8) 
(Di \ 2 v2 


The right-hand member of (8) differs from the left-hand member of 
(6) by a factor (q),. This suggests the use of the basic Laplace trans- 
form and its inverse as defined by Hahn [(3) 371]. [If we let O(¢) stand 
for the left-hand member of (6), then we have 


RR tn — 
y (—ygirroq"t) (7), = > (q), ene ealy) >, (Varrrgrnl(g), 


£ 


t" x 
) H,(x)H,(y) [] (lq) 
f n r 1 


" H,(x)H,(y), 
Wr 


where 
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If we now replace ¢t, 2, y by 2*, at/z, t/xz, respectively, we get 


— 22n rt t 

eS Foal’ \1,( 

— (WV) 2 | rz 
7 1 —q"+27{222 

. ( 1)’'q brir+1) " | - u “i. 

—_ (1 q" i hed (1 q" rz*)(1 q" rrtz)(1 gz tz) 


| li aa = 


t?) (2° 
1)"qi"" ies | [a q" rrtz) (1 qh tax 'z) 1 


(f?),(22), ow 
l qi 1) a a"l (q'tz), 
(f°2*)o, — 
ne 
where 


e(t) [] (tq. (9) 
(t), — (1--t)(1— qt)...(L—q”). (10) 
Thus, comparing with (8), we get 
, ‘ 12\¢ >? — 4 ~2 
Q3 ell) = Y «z Lyrginr oe MT (grtz). 
“ye? e(t*z*) Bae - 2*)e, 
(11) 


Equating coefticients, we obtain 


t* )e( t?) (2? 
(1, (t)1,(2) = "ys (—iy¥g’ | 2 
e(t®z?) -— Fs"), 


"TL (q'tz). (12) 


To get the inverse of (12), we return to (8) and replace ¢, z by ¢2*, 2, 


respectively, so that 


1 a 
S 2", (21,12) = > Mate"). 


a (Di 


It follows that 


“fl > Zi L,(qrtz')1,(q""2") 


q zk 
S " Ayat) He "> e Qo . H,(at)H, (a) 


— (¢ k 


me (4) : — q), F 
Q 1 | | dt q"t es 
(ray gle y(1 — grata gta) 


e(z)e(@z) 
= ¢ 1 - n 
4 e(t®z?) Pa I, (tz ). 








184 Ll. CARLITZ 
Consequently 

(?: — r 

~ 1,(t2) — S 1 T(girtz4)I,(qir24). 


9 


r 


O 1 C(z)el 
. e(t*z 


r=«Q@ 


Finally, replacing ¢z!, z' by ¢ and z, respectively, we obtain 


e(t? )e(2? — 
os T (tz) S ! L(qgeot,(q'’2). (13) 


e(t*z*) ~ q), 


ai 


0 
To obtain the corresponding formulae for J, we substitute from (5) 
in (12) and (13). We find that 


<= gine +t)(¢2) (22 
OL, (qt), (q'z) - (—1] rf \ Sek ” 1 (grits), (14) 
(q),(2*), 


S 7 (qe)(q72), (qo, (q""2). (15) 


r= (W), 


If we apply the method used in proving (12) and (13) directly to (7) 
However, we get some other 


Vv 7 ha F. (q tz) 


and (3), we do not obtain (14) and (15). 
identities that may be of interest. Thus from (3) it follows that 


9 


SY x", (t)1,(2) 
YY grr Dyn y q” r rngneer YY q* B+S8NaN+ss 


_ = (DAD ner * (Ds(Dn vs 
Ss oo yf” ; 
fous (DAD AD r+ nl Darn 


rian 
reaossirs+akm—r D(xtz)™ rp2rz2s 


(DAD Dn(Dn_ 


reskn D(atz)"t?" 24 


q”" rxm—r 4 


~2k . * -f\m m ° r 
‘ = en k | h | (*") > q’’ “| A | t 
(qQ)j an mt mj\ 2 ‘ font . ri\xz 


n+ s 


since 
m)?+-(r+k—m)(m—r—1) 


k(k—1)+m(m—k)+r(r—k). 


(m—r)(m—r 


We have therefore 


0 ‘ : wy i € , 
S x", (0)1,(2) } (")e(.-). (16) 
i 2 x2 
Since (16) implies 
; , ok 
> eedaltzt ale) = D ge? Oy Gulaty Gea), 
fant k 


x 
0 
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it follows, exactly as before, that 


0 o r 2 ak 
Sa SF git) 1g) = QS gh) = Gat) G, (a), 
ft, “lth i, (Wk 


or, what is the same thing, 


7 = g’ ~ guk  (xt\ , (t 
So Spt qs) = QS gk - Oy Jen ) 
n=— a Mr k-0 Di ai 
(17) 
However, (7) cannot be applied to the right-hand side of (17). On the 
other hand, from (7) we get 


~ 
~ 


n = aro(at—lrat? 
QS (—1)rgin : _G,(x)G,(y) = S ve(qr rye) 
fen (Dn . > (7) (gel q'xtye(q’ytye(qryt) 


Replacing ¢t, x, y by 2*, xt z, t xz, respectively, we get for the right-hand 
mem ber 


X: qre(q??-'222) 
(7), e(q't*®)e(q’z*)e(q'xtz)e(q’a tz) 


e(q- M22?) ~ q'(q-22z2)>, \ 


_—_—_— ~ x"l(q'tz). 
e(P)e(z*)  (q), (lO), (2), / 


Thus we get 
~2n 


e : at t 
Y iX ( 1)"q?" n ” @? @,(7)6,(] 


e(q M4222) \ s ~ q'(q W¢2z2), 


' . I (q'tz . (18) 
e(t® )e(z*) n pal — (9)(E°) (2°), , ' 


Returning to (16), if we substitute from (5), we get 


; G,(™ 
Ve)” 4 


~2k 


> qx" 1, (tL, (2) e(t?)e(z2) S qh 


x 


0 
which may be compared with (8). 
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MUTABILITY OF BIFURCATING ROOT-TREES 
By HENRYK MINC (Vancouver) 
| Received LO April 1959] 


Synopsis. Ir a, 6, w are the altitude, potency, and mutability of a 
bifurcating root-tree, then a yp — log,(6—) and yw - h-—-1, where h is 
the sum of digits in 6 written in the binary scale of notation. It is 
shown constructively that, for given non-negative integers «, 6 satisfying 
v-+-] ry 2* the least integer » which satisties the above relations 
is the mutability of a bifurcating root-tree. 

Bifurcating root-trees can be detined as follows (3) 

(i) a single knot + is a bifurcating root-tree, the knot being the root 
of the tree 

(ii) if (2?) and (Q) are bifureating root-trees, then “"W®, where the 
free (upper) knots of the fork V are connected to the roots of (P) and 
(V), is a bifureating root-tree. 

Trees will mean bifureating root-trees. 

Indices of the free lovarithmetic are elements of the free additive 
groupoid generated by element 1. There is a one-one correspondence 
between indices and trees: L«> + and, if P«> (2?) and Ge» (Q), then 
Po Qe PM@, We can therefore use the terminologies and the nota 
tions for indices and trees indiscriminately. It is convenient to denote 
14 1} by 2 and 2¢-'4-20! by 24. The index 2! then corresponds to a tree 
with all its free knots at the maximal altitude (1). 

Altitude a,, potency 6, (called ‘degree’ by Etherington), and muta- 


bility wp, of a tree P can be detined as follows: 


0, apyg 1+ max(x,,, %); 


"~Y Op 1% 


2u, if 2, Q are conformal (1), i.e. if the corre 
sponding indices become equal when 


ee | addition of indices is commutative, 
Ppt py? | if P, @ are not conformal. 

The altitude of a tree is the distance (the number of forks) from its 

root to its furthest free knot; the potency is the number of free knots 

in the tree. If P R4-S, then R and S are called subtrees of first order 


Quart. J. Math. Oxford (2), 11 (1960), 187-92, 
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of P. If 7 is a subtree of first order of a subtree of (n—1)th order of P, 

then 7' is a subtree of nth order of P. A knot of P is called unbalanced 

(1) if the subtree of P of which the knot is the root has non-conformal 

subtrees of first order; otherwise it is balanced. The mutability of P is 

equal to the number of unbalanced knots in P. Thus the number of 
Ou 


Etherington has shown (1) that a, 5, « must satisfy the conditions 


trees conformal to a given tree of mutability p is 


i 4 >6 >atl; 
(ii) 6 >p+2 (6 1), 
the equality holding if and only if 6 = a+1; 
(iii) po < 3.29-3— >» 8). 


For a given 6 or a given « conditions (ii), (iii) prescribe the maximal 
value for «. In the present paper I find two minimal conditions for yu 
and show that for any given non-negative integers «, 5 satisfying condi- 
tion (i) the least number satisfying these minimal conditions is in fact 
the mutability of a tree of altitude « and potency 6. 

Potency 6, can be expressed uniquely as a sum of /, distinct powers 
of 3: 6 = 284284 42% (4, >t, >... >i, > 0). 

Obviously i, = |log, 3] and / is equal to the sum of digits in 6 written 
in the binary scale of notation. We have the lemma: 


LemMMA. hp+hg > hp.g. 


For, clearly, in any scale of notation the total sum of digits in several 
natural numbers cannot be exceeded by that of the sum of these 
numbers. We deduce the theorems: 


THEOREM 1. Let 5 and yp be the potency and the mutability of a tree P 
and let § = 24424. ...424 (i, >4, >... >i). Then p >h—1. 


Proof. Use non-associative induction [ef. (2), or (3) 322]. If P i. 
uw = 0, 6 = 2°, and hence h = 1 and p = h—1. Let P = Q+R and 
assume that the theorem holds for Y and R. Then (i), if Q@ and R are 
not conformal, 

HQ+R Hotere! 
> (hg—1)+(hp—1)+1, by the induction hypothesis, 


(hg thp,)—1 


*ho.p—l, by the preceding lemma; 
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(ii), if Q@ and R are conformal, 
Horr = “Ke 
2hg—2, by the induction hypothesis, 
2ho.r—2 


-ho.p—1, since ho,, > 1. 


THEOREM 2. Jf x, 5, ware the altitude, potency, and mutability of a tree 
P., then x ps log.(6 ft). 


Proof. if P 1, then 
X— 0—0 log,(1 0) = log, 5 ft). 
Let P = Q+-R and assume that 


X9— Fa * - log,(8g9—H9), XR—BHR < log,(dp—p“R)- 


Without loss of generality assume that ag > ay. Then 


(i) if Y, R are not conformal, 
Ygsr—Hosr = (49+ 1)—(Hgt+eR+)) 
(a9—Hg) +(%p—Lp)— Xp 
logs(5g—Hg) + logs(6p—Hp) —log, dp, 


from the induction hypothesis and « 


" {> S—1 S ’ 
a“ logs{d9—Kg HhpoOp (He -Og)} 


log,(3g Ho 8r—ER 1), 
since HrOp '(Hg—SQ) < 0 while dp Lp—l 
logs(dg +R—H@s rR) 
(ii), if Q@, R are conformal, then 5g = 5p, ug = Mr and 
Xo+R~ FQO+R (xg T 1)—2yg 
: (ag Hg) t logs 2—pUg 
< log,(28g—24g)—pg. by the induction hypothesis, 


; log,(25g — 2uQ) 


logs(9+n—He+r): 
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THEOREM 3. Let x, 6 be non-negative integers such that a4+1 <6 < 2% 


and let § = 24964 ..42% (5, >i, >... > i > 0). 


If 2 is the least integer such that 

Y—p < log, (6 pf) and p> Ai, 
then there exists a tree (in general not unique) of altitude a, potency 6, and 
mutability p. 


Proof. (i) Ifa < i,+h—1 andh € 1, then the tree 


[{(2%+- 2%) +- 2%} +... ]4-2%]| +-[2%+2+4-[Qers+f 4 (por 2" )}], 


where p = a—t, < h, has altitude a. potency 6, and mutability 4—1. 


3y Theorem 2, 
By Theore m r—(h 1) ; log, {5 (h—1)}. 
Hence, by definition of uw, p= h—I. 

If h l and « i, +h—1, then a <2, log, 6 and, since 6 < 2%, 


6 = 2" and the only tree of altitude a and potency 6 is the tree 2%, 


a tree of mutability 0 h—l. 
(ii) If « > 7,+h, we can show that 6 can be expressed in the form 
oO 2+ Qs |. + Qe 
where k, the number of terms, is equal to «—j,+1 and 


either (a) 


The proof is by induction on «. Note that a > i,+A implies « > 3 
and that « = 3 together with a >i,+/ and a+-1 <6 < 2* imply 
6 = 4. Thus, if « = 3, we can express 6 in the form 2+-1+-1 satisfying 


(c). Now let « ~ 3 and assume that 6 can be expressed in the form 
& = 242+ 4+ Qin, (1) 
where m, the number of terms, is equal to «—j, and the j’s satisfy (a), 


(4), or (¢). IT show that we can obtain from (1) an expansion for 6 in 


which the number of terms plus the greatest exponent is equal to «+1 





MUTABILITY OF BIFURCATING ROOT-TREES 191 
and the exponents satisfy (a), (b), or (c). If the j’s in (1) satisfy (a), 
the required expansion is 
5 - Dn j Dia | 
if they satisfy (6) the required expansion is 


L. 97s 1. |. \_é¢ Lj. Djp—1_j Diora 
~ eee - ~ 


if they satisfy (c) and s 4 1, the required expansion is 


1) Pj1—2_1_ Dir-2_|_ Djs 4 
2 2 2 


Note that in (1) j, = 2, and thus the last expansion is possible, for 
h | implies that the number of terms is 6-1, which cannot be equal 
to a Ih r—1. 


Let then 5 24 Diet. | + De, 


where 4 xj, + 1 and the j’s satisfy (a), (b), or (c), and consider the 


tree [{(2/'-+4-2/)4+2%}4....]42/. Its altitude is a, its potency 5, and 


mutability A—1. Since a, 6, k—1 are altitude, potency, and mutability 
of a tree, it follows from Theorems | and 2 that 


x—(k—1) log,}5—(k—1)}, k—1 > h—-1. 
Let ¢ 1. We have to show that at least one of the two relations 
x—(k—t) : log,{d (k—1)}, k—t >h—1 


is false. I shall show that in fact the first of these is false. 


If the expansion 6 = 2/' 4 2/*-4-,,,4 2/* is of the form (a), then 
since k 
Dir) 4 (kr) 
3, since r 3; 


if it is of the 


Di 1 Din (8 14] g< 


since | ; < j, and therefore 2/-@-» 
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Hence x—(k—t) = j, +t-1 


log, 2/1741 
= log,{2/+! , 2-3} 
> log.{(6—k+3). 2! 
- logs{(8—k+3)+(t 
> log,{6—(k—t)}. 
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ON GROUPS OVER A D.G. NEAR-RING (1): 
SUM CONSTRUCTIONS AND FREE R-GROUPS 


By A. FROHLICH (London) 


[Received 22 May 1959] 

Introduction 

Ix the present and subsequent papers the notion of a group over 
a distributively generated near-ring R [ef. (1), (2)|, or briefly of an 
‘R-group’t is to be developed as a unifying concept for both modules 
over a ring and groups (not necessarily abelian). The aim o. ese 
papers is to extend some of the basic ideas and tools of module theory 
to the non-abelian case. By taking R to be the ring of integers Z, 
R-groups specialize to groups in the ordinary sense. On the other hand, 


by taking the underlying group-structure to be commutative we obtain 
a specialization to modules over a ring; in fact an abelian #-group is 
a module over the residue ring of R modulo its commutator ideal 
lef. (1) § 4]. As will be shown elsewhere the ideas and techniques of 


homological algebra can be applied to R-groups. The forthcoming 
series of papers thus provides the basis for the non-abelian generaliza- 
tion of homology and cohomology theory of modules. 

The ‘operator’-domains R one wishes to consider are those generated 
by group-endomorphisms with the ‘natural’ addition and multiplication 
of mappings. One thus arrives at systems with two binary operations. 
The first problem is then to characterize such systems axiomatically. 
If the underlying groups are commutative, this leads to the abstract 
concept of a ring; in (1) it was shown that the abstract counterpart of 
these domains in the general case is the d.g. near-ring.t The group over 
such a near-ring appears thus as the natural generalization of the 
module over a ring. 

In the module case every element of the ring induces an endo- 
morphism. This no longer extends to R-grcups. To each R-group there 


+ The term ‘ R-group’ is also used with another meaning in the theory of groups 
with root extraction; no confusion should be possible, however, as the context is 
quite different, It seems preferable to use this term and to retain the alternative 
‘R-module’ in its accepted meaning, as referring to abelian groups with operator 
ring R. 

t ‘d.g.’ is used as a standard abbreviation for ‘distributively generated’. 
Quart. J. Math. Oxford (2), 11 (1960), 193-210. 
3695 .2.11 oO 
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corresponds, however, a subset of elements in R which induce endo- 
morphisms. These elements form a semi-group S in R under multipli- 


cation, satisfying further conditions;+ S may be taken as a distributive 
semigroup generating R|[cf. (1)§ 1]. It is then natural to use the notion 
of an (R, S)-group, i.e. of an R-group which admits S as a domain of 
endomorphisms. Every #-group is, of course, an (R, S)-group for some 
S. In particular every group is a (Z,1)-group.t If & is a ring, then 
every R-module is an (R, R*)-group,§ and the converse is equally true, 
provided that F has an identity inducing the identity mapping. We 
shall see that the natural categories of R-groups to be studied are 
categories of (2, S)-groups for fixed S. 

In § 1 the basic concepts are introduced. In § 2 we construct the free 
near-ring Z(S) of a multiplicative semigroup S. These near-rings, 
having a relatively transparent structure, form an important tool in 
the sequel. They seem also to be of significance in other respects, e.g. 
for the theory of representation of a semigroup; if S is a group, Z(S) 
is the obvious non-abelian generalization of the group-ring over the 
integers. 

In § 3 and § 4 we study processes of constructing new R-groups from 
given ones; §3 contains an axiomatic treatment of free sums) and 
cartesian sumst¥ which exhibits their duality and may even be of some 
interest in the known case R = Z. The cartesian sum of A-groups is 
a well-known group construction endowed with a natural R-group 
structure. The underlying abstract group of a ‘free (R,S)-sum’ is, 
however, not in general the free sum, or, if multiplicative notation is 
used, the free product, of the component groups. In fact, the specializa- 
tion to modules over a ring leads to the direct sum of modules (cf. § 3, 
Example 1). In §4 we discuss orthogonal sums and obtain further 
characterizations of the new constructions, and also of the direct sum. 
The results of these two sections are of some importance for the study 
of certain functors to be detined in subsequent papers. 

In the concluding § 5 we introduce free (R,.S)-groups, which are to 
play an essential role in the further theory. 

+ Modulo the annihilating ideal in R of the given R-group, S will be (left) 
distributive and will generate the additive group of R. 

t Z is throughout the ring of integers and the symbol | stands both for the 
identity of Z and for the semigroup consisting of the identity. 

§ R° is the multiplicative semigroup of RP. 

‘Free product’ in multiplicative terminology. 
++ ‘Cartesian product’ or ‘complete direct product’ in multiplicative termino- 
logy 
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1. Basic concepts 

Unless otherwise mentioned, additive notation will be used for 
groups: this is not to imply commutativity. We recall the definition 
of a d.g. (‘distributively generated’) near-ring {cf. (1) 1] as an algebraic 
system with two binary operations, addition and multiplication, such 
that 


A (i) the elements of R form a group R* under addition: 


(ii) multiplication is associative, i.e. the elements of R form a multipli- 


cative semigroup R 

(iii) for all x, y, z of R, (a4-y)z = xz+-yz; 

(iv) the set of elements t with t(x+y) = ta+ty, for all x, y of R, is 
a set of generators of R*. 


Postulate (iv) may be replaced by 


(iv’) there exists a multiplicative semigroup S in R° whose elements 
generate R*, and such that, for all s of S and all x, y of R, 


S(r+-y) SL--S8Y. 


Such a semigroup will be called a distributive semigroup generating R. 
An #-group structure p on a group @ is given by a mapping xp: 
(x, w) > aw of R»Q into Q such that 
B (i) (v+-y)w rw + yo, for all x, y of Rand all w of Q; 
(ii) (xy)w — x(yw), for all x, y of Rand all w of Q; 
(iii) there exists a distributive semigroup S in R generating R such 


that, for all s of S and all w,, wy of Q, 8(a,+ ao) SW +85. 


A group with given R-group structure is an #-group; if we wish to 
specify the semigroup S in B (iii) explicitly we shall speak of an ‘( R, S)- 
group . 

Next let S be a multiplicative semigroup not necessarily embedded 
in a near-ring. An S-group structure v on a group @ is given by a 
mapping v: (s,w) ~ sw of S«Q into Q such that 

( (i) (st)w — (tw), for all s, t of S and all w of Q; 

(ii) 8(w,-+ wo) 8,4 Sao, for all s of S and all Wy, We of q). 
A group with given S-group structure is an S-group. 

Let now S be a distributive semigroup generating the near-ring R. 
If « is an R-group structure making @ into an (R,S8)-group, then 
the restriction v of » to SQ defines an S-group structure on Q. 
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Conversely, if the restriction v of « to S x Q defines an S-group structure, 
then Q is an (#, S)-group, and yp is determined by v. 

If f, g are mappings of a group Q into a group A,t+ we define their 
— f 9 9 (f +g )w fw qw for all w of Q. (1.1) 
(Natural mapping addition.) Uf f:Q— A,g: A + T are group mappings, 
we define their product g o f by composition: 

(gof)w — g(fw) for all w of Q. (1.3 
(Mapping multiplication.) A semigroup S whose elements are endo- 
morphisms of a group 2 and whose operation is mapping multiplica- 


tion is called a ‘semigroup of endomorphisms of 2°. This amounts to 


saving that (2 is an S-group and that, if for s,, s, of S and for all w of Q, 


s,w, then s, = s,. A near-ring R whose elements are mappings 

2 and whose operations are mapping addition and mapping 
multiplication is called a ‘near-ring of mappings of Q’. Particular 
examples are the near-ring R(Q) of all mappings 2 —- Q, and the near- 
ring of mappings 02 -- Q generated by a semigroup S of endomorphisms 
of Q. This latter near-ring is generated by the distributive semigroup 
S and may be considered as a sub-near-ring of R(Q). 

We note that the postulates B (i)-(iii) are stronger than those used 
in (2). It is, however, easily verified that again all R-subgroups and 
all R-homomorphic images of an (#, S)-group are (R, S)-groups accord- 
ing to our definition. In particular all groups are (Z, 1)-groups, where 
Z is the ring of integers. The term ‘Z-group’ will always be used in this 
natural sense, i.e. we shall always assume that lw — w. Moreover, if 
R, is a near-ring of mappings of Q generated by the semigroup S, of 
endomorphisms of @2, then Q is an (#,,S,)-group. The representations 
of a d.g. near-ring R by such near-rings R, then correspond to the 
R-groups Q. 

The R-subgroups of R* are, also under the postulates given here, 
precisely the left R-modules of FR |ef. (1) § 2] and the R-quotient groups 
of R* are the quotient groups of R* modulo left ideals in R. 

It has become useful in various contexts to express the notion of 
a representation of an algebraic system in terms of its extension by 
ideals. On the basis of our system of postulates for an R-group this 
approach is natural also for d.g. near-rings. The problem is that of 
constructing d.g. extension near-rings R’ of R such that (i) the additive 
group of #’ is the direct sum of R* and of a group Q, (ii) Q is an ideal 


+ Mappings are written on the left. 
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in R’ annihilated on the right by R’. The solutions to this extension 
problem are given precisely by the R-groups 2 in the sense of B. 


2. The free near-ring Z(S) 

We consider a multiplicative semigroup S with s,s, denoting the 
product of s,, 8, in S. Let X(S) > be the free group on the symbols 
|u|, and [sw] for alls of S. For each t of S there exists a unique endo- 
morphism of ©, again denoted by ¢, such that 


thu] [tu], t)su] —[(ts)u] for all s of S, 


We verify that for ¢,, f, of S the endomorphism ¢,¢, and the mapping 


product ¢, of, of the endomorphisms ¢, and ¢, coincide. It suffices of 


course to show that t,(t,¢) (t,¢,)o for all free generators o of ©. Thus 
S is a semigroup of endomorphims of ©. We denote the near-ring of 
mappings of © which is generated by S, by the symbol Z(S). Z(S) is 


the free near-ring of NS. 


THEOREM 2.1, (i) Z(S) is a d.g. near-ring generated by the distributive 
S¢ migroup ss: 

(ii) Z(S)* ts the free group on the set 8; 

(ili) every S-group Q is a Z(S)-group;t 

(iv) every homomorphism 6 of S into the multiplicative semigroup R* 
of a near ring R, such that OS is a distributive se migroup qe nerating R, 


can be extended to a near-ring epimorphism 6: Z(S)—> R. 


Z(S) is uniquely determined to within near-ring isomorphism by (i) and 
either (ii), or (iii), or (iv). 

Proof. (i) follows from the definition [ef. (1) § 1, Example 3]. 

For (ii) we consider the subgroup %’(S) — XY’ generated by the 
symbols | su] for all s of S. Y’ is then the free group on these symbols, 
Every generator of this group is of the form 2|u] (2 e Z(S)); using the 
distributive law B (i) we conclude that all elements of \’ are of this 
form. Conversely, since S generates Z(S)*, we have 2[u|¢ X’ for all x 
of Z(S). To establish (ii) it thus suffices to show that the mapping 
x» a{u| is an isomorphism of groups. By B (i) and by what we have 


+ More precisely the S-group structure extends to a Z(S)-group structure, 

t It is essential in the following proof to distinguish symbolically some of the 
several ‘multiplicative’ operations which occur. In accordance with its original 
derivation the product in Z(S) is denoted by xo y. We shall also have to intro- 
duce a multiplication «.w of elements w of an S-group Q by elements 2 of Z(S). 
All other products will in the usual way be denoted by juxtaposition. 
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just seen, the mapping is an epimorphism. We have to show that 
z{u| = 0 implies zo = 0 for all o of &. 

If ce x, there exists a unique endomorphism ¢ of © with ¢{w| 
and ¢[{su] = so, for all s of S. If te S, we verify that 


(Pot)[u] = (tod)[u, (fo t)[su] = (to d)[ su], 
for all s of S. The endomorphisms ¢ot and to¢ coincide on the 
generators. Hence ¢ is an S-endomorphism, and so a Z(S)-endo- 
morphism |cef. (2), 2.1.1]. In particular 
ro «(dl u |) (<r u |) 0 
if aju| = 0. 

Let 2 be an S-group. Using (ii) we see that for each w of © there 
exists a unique homomorphism Z(S)* — Q of additive groups such that, 
if we denote the image of « by x.w, we have 

8.w — sw for alls of SN. 
Since x -» x.w is a homomorphism, we have 
(x+-y).w = 27.w+y.w for all x, y of Z(S). 
It remains to establish that 
(xO Y).w x.(Y.w). 
Let S be an element of S. Using (2.1), which gives 
8.(W, + Wy) 8 .W,+-8.Wo, 
and (2.2), we deduce that 
8.((x¥+-y).w) = 8.(%.w)+8.(y.w), 
($s o (r+ Y)).w (So 7r).w+(so Y).w, 
so that the mappings 
Z—-> 8&.(%.a), r—>(sO2xr).w 
are homomorphisms Z(S)* - @. To show that they coincide it suffices 
to consider the elements x in the generating set S of Z(S)*. But for 
s, tof S we gett 
8.(t.w) 8. (tw) 8(tw) (8 0 t)w (sot).w. 
We have shown that (2.3) holds for all y of Z(.S)* and all x of S. Apply- 
ing the same reasoning again we establish (2.3) by verifying that the 
a r—>z.(y.w), r->(roy).w 


are homomorphisms Z(S)* +. This follows by (2.2) and A (iii). 


+ Here we use (2.1) and the S-group structure of Q. 
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For (iv) we consider R* as an S-group. By (iii) we obtain a Z(S)-group 
structure such that s.v = 6(s)v for all s of S and all v of R*. By (ii) 
there exists a unique epimorphism 6: Z(.S)* + R* with 
6(s) = (8s) (se 8S). 
For all » of R the mappings x — 2.v, 2 — O(x)v are homomorphisms 
Z(S)* + R* coinciding on S. Hence 
x.v = Ory for all x of Z(S), all v of R. (2.4) 
Considering the mappings 
y>O8soy), y->s.Oy) 
we prove by the same type of reasoning that 
A(s 0 y) s.0(y) for all s of S, all y of Z(S). 
Repeating the same procedure once more with the mappings 
xr Oxo y), Ls x.A(y), 
we obtain from (2.5) A(x 0 y) x.y), 
which in conjunction with (2.4) gives 
Ax oy) 8(x)8(y) 


and so establishes @ as a near-ring epimorphism. 


To prove the uniqueness assertion we consider a near-ring R generated 


by the distributive semigroup S, where A: S — S is an isomorphism of 
semigroups. By (iv), A extends to a near-ring epimorphism A: Z(S) > R. 

If R* is the free group on S, then A maps the free generators of 
Z(S)* bi-uniquely onto the free generators of R*, whence it is an 
isomorphism. 

Next assume R to satisfy condition (iii), of course with appropriate 
changes in wording. Then & is an (A, S)-group, and, for all x of Z(S) 
and all o of &, (Av)o = xo. Thus Ax = 0 implies x = 0, and so J is an 
isomorphism. 

If # satisfies a condition analogous to (iv), we obtain a near-ring 
epimorphism ys: Rk Z(S). But JA is the identity mapping on the set 
S of generators of the additive group. Hence A is an isomorphism. 
This completes the proof of Theorem 2.1. 

The preceding theorem establishes, for every near-ring # generated 
by the distributive semigroup S, a canonical near-ring epimorphism 
6: Z(S)-—> R whose kernel & is an ideal in Z(S). Thus R appears as 
residue near-ring Z(S)/U. If Q is an (R,S)-group, then for all x of 
Z(S) and all w of Q, zw = O(x)w. If QD isa (Z(S), S)-group, denote 
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by UQ the minimal normal subgroup of Q containing the elements aw 
for all a of Mand all w of Q. We then have immediately 


2.2) If Q has an (R,S)-group structure p and if wp’ is the induced 
(Z(S), S)-group structure, then under p', AQ — 0. Conversely, if Q has 
a (Z(S),S)-group structure v such that UQ = 0, then the mapping v*: 
(v,w) -> Fw, where, if ve R, & is some element in Z(S) with A(*) v, 
defines an (R,S)-group structure on Q which is independent of the choice 


of representatives 6. Also (v*)’ v, (u’)* ja. 


3. Free sum and cartesian sum*+ 

Throughout # is a near-ring generated by the distributive semigroup 
S. Unless otherwise mentioned, in the present section all groups are 
(R, S)-groups and their homomorphisms are R-homomorphisms. 

Let A be an index set, and let {Q)} (Ac A) be a family of (R, S)- 
groups. A free (R, S)-sum of the groups Q) is given by an (R, S)-group 


( 
Q together with R-homomorphisms of: Q, —- @ (Ac A). The following 


postulates are to be satisfied: 


D (i) whenever Ais an (R, S) group and, for each x of & d*: 02) ~Ais 
an R-homomor phism, then there exists an R-homomorphism 6: Q —> A such 
that, for all A, d0 x = db; 


(ii) of d, Y are R-homomorphisms Q — A, and if, for all A, 


db 0 a us 2) ra 
then d us. 
If v, A@ A, let & be the identity mapping on Q, and «A (v # A) be the 
null mapping Q,-+Q@,. By D there exists a unique homomorphism 


Ny: () > 0), with ny © 7 
y 


(Ac A). (3.1) 


' 


It follows that the a‘ are monomorphisms and the 7) are epimorphisms. 
We shall then speak of the free (2, S)-sum Q with defining injections A, 
and associated projections 7). 

If A is the free (R, S)-sum of groups A,, (u © M) with defining injec- 
tions 6, if f is a mapping A - M and, for each A, ¢*: Q) — A,,) is an 
R-homomorphism, then we obtain an R-homomorphism ¢: 22 —> A with 


d Oa pf A ¢ db for all A. 
A cartesian (R,S)-sum of the groups Q, is given by an (R, S)-group 
gZ } AJISs : £ 


+ For a discussion of the free sum (‘free product’) and the cartesian sum 
(‘direct product’) see e.g. (3). 
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Q together with R-homomorphisms 7): QQ) (Ace A). The following 
postulates are to be satisfied: 

E (i) whenever A is an (R,S)-group and, for each A of A, bd): A > Qy ts 
an R-homomorphism, there exists an R-homomorphism ¢: A> Q such 
that, for all A, 7,0} dy; 

(ii) if d, & are R-homomorphisms A -> Q, and if, for all A, 
T,OG = mOW, 
then d yb. os 


There exist then homomorphisms 8": Q, -- Q with 


mopy =e (AEA). (3.2) 


A 
Thus 7, is an epimorphism, f* is a monomorphism. We shall call Q 
the cartesian (R,S)-sum of the groups Q, with defining projections 7) 
Qn 
iv’. 


and associated injections 

If A is the cartesian (R, S)-sum of groups A, (u © M) with defining 
projections o,, if f is a mapping M+ A and, for each pw of M, ¢,: 
QQ, > A, isan R-homomorphism, then we obtain an R-homomorphism 


j4 


d: Q-> A with Oy, od py, oO TT piu) 


THEOREM 3.1. (i) Jf Q, Q’ are free (R,S)-sums of the groups Qy with 
defining injections oA, a'A, then the R-homomorphism @: QQ!’ with 


Ao a’ yA as an isomor phism ; 


jections mr, 7, then the R-homomor phism 6: Q! + Q with 2, 0 8 = 7) isan 
isomor phism. 

Proof. (i) There exists an R-homomorphism 6’: Q’ — Q with 

A’ oa’A V4, 
We then get, for all A, 0° 0 8.0 a4 = 10 a,c being the identity mapping 
of 2. By D (ii), #0 @ —.«. Similarly 60 @’ is the identity mapping of 
Q’. Hence @ is an isomorphism. (ii) follows by similar reasoning. 

We can now speak of the free (R, S)-sum of the groups Q,, denoting 
it by #(R,S)Q), specifying, if necessary, the index set A and the 
defining injections; if no confusion is possible, we shall also use the 
symbol #0). Similarly we denote the cartesian sum by + (R, S)Q) or 

(2). 

Let M, A be index sets, {Q)} (Ac A) be a family of (R, S)-groups, and 
let {A} be a partition of A into disjoint sets with index set M. 

[3.2] (i) Let Q = mQ) (Ac A) be defined by the injections oA. For 
in M let Q.) be the subgroup of Q generated by Im x (all A€ A,,). Then 
(2 — 902.) (u © M) ts defined by the natural injections BY): Q., > Q, and 
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for each p in M, Q,,. = #Q) (Ac A.) ts defined by the unique injections 
with BY’ o 4 =a” (Ac A,). 


Xiu) ) a 


(ii) Let Q = 4) (Ac A) be defined by the projections 7,. For » in M 
let Q) be the quotient group of °2 modulo the intersection of Ker x, (all 
Ac A,). Then Q = 4-92, (we M) ts defined by the natural projections 
Ki): QQ), and, for each p in M, Q) (Ac A,) is defined by 
m (Ae A,). 


1) 


} 
; eyiections m7!) with 7 z 
the unique projections mY with my OK 


uw) 

Proof. We prove only (i). Together with Imo", for all A, 2.) is also 
an (R, S)-group for all », and 8, «',, are R-homomorphisms. 

Let »¢ M. Assume that, for each A in A,, ¢4: Q) > Ais an R-homo- 
morphism. For A not in A, take ¢4: Q, ~ A to be the null homomorphism. 
By D (i) we obtain an R-homomorphism ¢: Q-> A with do 4 db 
for all A. Thus for all A in \, (60 PB) o aa) ¢*. The uniqueness 
postulate D (ii) follows from the fact that the groups Im 2j,, (A€ A,) 
generate 0%. Thus 0, Q) (Ae A,). 

Next, for each w in M, let ##': Q), +A be an R-homomorphism. 
There exists an R-homomorphism ¢: Q—- A with do va dh) o Mis) 
for all A in A, » = uA) being chosen so that Ac A,. Hence for each 
# in M and all A in A,, | 


\ 
(d0 BY) oa, = dH 0 Mts)’ 


since (2), = #Q) (Ac A,), we have go 8” = $. Finally, if ¢, Y are 
Rk-homomorphisms, 0 ->+ A with ¢ 0 B# = %o 8 for all » in M, then 


Yo x for all A in A and so d ws. 
[3.3] (i) D (ii) can be replaced by 
D (ii') The groups Im oA generate Q. 
(ii) E (ii) can be replaced by 
E (ii') The intersection of the groups Ker 7), is 0. 
Proof of (i). D (ii) clearly implies D(ii). For the converse let Q 
satisfy D (i), (ii). Apply [3.2] with 
M = {1}, A = A,. 
(2... is the group generated by Ima‘ (Ac A). By Theorem 3.1, however, 
the injection {2,,, -- Q is an isomorphism. 
THEOREM 3.4. Every family {Q)} of (R,S)-groups has a free (R,S)- 
sum and a cartesian (R,S)-sum. 
Proof. (i) We take first R Z(S). Let Q be the ‘abstract’ free 
sum, i.e. the free (Z,1)-sum of the groups Q). For s in S, and for each 
A in A, w->sw is an endomorphism of Q). If «‘ are the defining 
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injections of the free (Z, 1)-sum, we get by D (i) an endomorphism of Q, 
again denoted by s such that 


8(a*w) v\(sw) (all Ain A, all w in Q)). (3.3) 
If s,t< S, we verify that for all A in A, all w in Q), 
(st)(aw) = s(t(a4w)), 


whence by D (ii) (for the the free (Z, 1)-sum Q), Q is an S-group, and 
so, by Theorem 2.1, an (R, 8)-group, and the 2 are R-homomorphisms. 

Now, for each A, let ¢*: Q,-+ A be an R-homomorphism. There 
exists a homomorphism ¢: 2 -> A with do a’ = ¢*, for all A. If se S 
then for all A, all w in 2), 


d(sa4w) -= d(a4sw) = 64(sw) = 8(d4w) = 8(b 0 a4w), 


By D (ii) (for the free (Z, 1)-sum Q) ds = sd. Hence ¢ is an S-homo- 
morphism, i.e. an #-homomorphism. Thus Q satisfies postulate D (i), 
and trivially, of course, D (ii), for a free (A, S)-sum. 

For an arbitrary d.g. near-ring R we use the canonical epimorphism 
6: Z(S) > R with kernel YM, as in § 2. By Theorem 2.1 the groups Q) 
are (Z(S), S)-groups. We have established the existence of their free 
(Z(S), 8)-sum, which we now denote by 2, with defining injections +. 
Let Q = WO and let J: Q--Q be the natural projection. Q is an 
(R,S)-group, % is an S-homomorphism and so, for all A, a4 = yo x 
is an S-homomorphism and so an R-homomorphism. Postulate D (ii‘) 
for 2 follows by D (ii') for Q. 

For each A let d*: Q,--+ A be an R-homomorphism. If &), A are 
considered as Z(S)-groups, ¢’ is a Z(S)-homomorphism. Hence there 
exists a Z(S)-homomorphism ¢: Q -> A with do * = ¢*. Since UA= 0 
by [2.2], Kerd > UQ. Hence there exists a Z(S)-homomorphism ¢: 
(2+ A with d = dow. This implies go x = ¢* for all A. But, since 
Q and \ are R-groups, ¢ is in fact an R-homomorphism. 

(ii) We first construct the cartesian (Z,1)-sum © of the groups Q) 
in the usual manner. The elements w of 2 are those mappings of A 
into the set union of the Q, with w(A) € Q) for all A. Addition is defined 


by (w,-+ w,)(A) w,(A)-+ w,(A) for all A. 


We now endow 2 with an R-group structure by writing |.cw |(A) = a(w(A)) 
for all A. It is then easily verified that this construction leads to the 


cartesian (R, S)-sum. 
We have seen that + (Z, 1)Q) is the underlying group of 4+ (R, S)Q) 
while the analogous result is not in general true for free sums. 
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for each p in M, {2 mid, (Ac A.) os defined by the unique injections 
Mis with BY o af, vr’ (Ae A,,). 

(ii) Let Q +4), (Ae A) hn defined hy the propections my. For join M 
let Q 


ww? 


\,). Then 2 +62) (ue M) ts defined by the natural projections 


Ki, ‘) ~ od. and, for each pou M. ¢ ud +62, (A, \) is defined hy 
wm, (Ac A,). 


ya 


he the quotient group of 2 modulo the intersection of Ker, (all 


the unique projections mi with my in 


(ya) 
Proof, We prove only (i). Together with Imo, for all A, Q)) is also 


an (R,S)-group for all x, and BY, x), are R-homomorphisms, 


Let we M. Assume that, for each A in as db’: 4), > Nisan R-homo 
morphism. For A notin A, take é*:Q) > Ato be the null homomorphism, 


By D1) we obtain an A-homomorphism ¢: 02+ A with do x! bh 


for all A, Thus for all A in A, (¢ 0 BY) o a, dé’. The uniqueness 


postulate 1) (ii) follows from the fact that the groups Im Migs) (Aé A,,) 


js 


/ 


Next, for each jy in M, let Av Gy A be an Rehomomorphism, 


generate Q)). Thus QQ), 42, (Ae A,,). 
There exists an R-homomorphism é: Q->+ A with do v' pi isa) 
for all Aim A, ys pA) being chosen so that Ac AL. Henee for each 
win Mand allAin A, 


since (2, ged, (A , We have gop . Finally, if d, % are 


R homomorphisms, (2 >+ A with do BY o B for all x in M, then 


/ 


V" ys « for all A in A and so i 


13.3] (4) D (at) can be replaced by 
1) {ti} The Grou ps Im y" (Je nerate 4). 
(ii) FE (it) can be replaced hy 
IK (i) The intersection of the grou ps Kern, ww 
Proof of (i). Di’) clearly implies D(ii). For the converse 
satisfy 1) (i), (i). Apply [3.2] with 
M {i}, \,. 


(2, is the group generated by Tm x (A \). By Theorem 3.1, however, 


’ 
the injection Q,, > (2 is an isomorphism, 


THeoremM 3.4. Kvery family (Q\) of (R,S)-groups has a free (RS) 
sum and a cartesian (R,S)-sum 

Proof. (i) We take first R Z(SN). Let Q be the ‘abstract’ free 
sum, i.e. the free (Z,1)-sum of the groups (2). For s in S, and for each 


Ain A, w » swe is an endomorphism of Q). If a! are the detining 
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injections of the free (Z, 1)-sum, we get by D (i) an endomorphism of Q, 


again denoted by « such that 
s(v'w) wisw) (all A in A, all w in 42)) (3.3) 
Ife. t: S, we verify that for all A in A, all in QQ), 


(st)(x'w) a(t(x‘w)), 


whence by D (ii) (for the the free (Z, 1)-sum Q), Q is an S-group, and 
\ 


so, by Theorem 2.1, an (RS) group, and the x‘ are R homomorphisms. 
Now, for each A, let d*: Q) » A be an Rehomomorphism. There 
exists a homomorphism ¢: (2 + A with do a’ d', for allA. Ifae S 


then for all A, all w in Q), 
(axa) A( vs) b’(sw) a(h\w) a(b vw). 


By 1) (ii) (or the free (Z, 1)-sum 42) ds sd. Hence 4 is an S-homo 
morphism, i.e. an Rehomomorphism, ‘Thus Q2 satisties postulate D (i), 
and trivially, of course, D (ii), for a free (R,S)-sum 

Mor an arbitrary d.g. near-ring RP we use the canonical epimorphism 
#: ZS) » R with kernel YM, as in § 2. By Theorem 2.1 the groups 2), 
are (Z(S), 8) groups. We have established the existence of their free 
(Z(S), 8)-sum, which we now denote by Q, with defining injections v'. 
Let 2 © 90 and let gs Q -Q be the natural projection. Q is an 
(ROS) group, % is an S homomorphism and so, for all A, at io v4 
isan S homomorphism and so an Rehomomorphism, Postulate 1D (ii) 
for (2 follows by D (ii) for Q, 

hor each A let J QQ) -+ A be an Rehomomorphism, If Q,, A are 
considered as ZS) groups, ¢' is a Z(S)-homomorphism, Hence there 
exists a Z(S)- homomorphism ¢:Q + A with do d&*. Since UN O 
by [2.2], Kerd > WO. Hence there exists a Z(S) homomorphism ¢ 
 -Awith d dow. This implies do’ d* for all AL) But, sinee 
Qand \ are BR groups, ¢ is in fact an R homomorphism 

(ii) We first construct the cartesian (Z, 1)sum Q of the groups Q) 
in the usual manner. The elements w of Q are those mappings of A 
into the set union of the Qy with w(A) © Q) for all A. Addition is defined 
wy (uo, + arg)(A) a (A) 4 y(A) for all A 
We now endow Q with an R-group structure by writing |e |(A) (aA) 
for all A. Tt is then easily verified that this construction leads to the 
cartesian (2, S)-sum 

We have seen that 4+ (Z, 1)Q) is the underlying group of + (RB, S)Q) 


while the analogous result is not in general true for free sums, 








ind \ bPRorbLienu 


Kaeamples, (lV) WE Rim aw ring with identity ¢, then every (2, Ro) 


Zroupoon which ¢ acts as the identity mapping, is abelian. Por 
{ ‘ (ear, tah.) ( ‘ jen, ( t ji, 


inplion coy} cv, oy wy. “Phe free (RR) sum of such groups in thus 
thei direct sum 

(2) Lat Z(n) be the residue ring of integers to modulus n. Every 
group (2 whose exponent divides nm is a (Z (n), 1) group. The free 
(Z (n), t) stim of such groups is their free sum reduced by the relation 
nw 0 

(3) Let S be the multiplicative semigroup consisting of the powers of 
n. The tree (7,8) sumof (27,08) groupes is their free sum reduced by the 


relation 


Vilaw dir,) Hairy Maw, 


! 

(4) Let S be a multipheative group and let Q be the free (ZO8), 8) 
Hin of copies of ZUS) W contamm a set A of free S gpenerators, te. a 
et Noof cloments such that Q is the free group on the elemonts so (all 


‘ 


allo A) Every mapping of A into an S proup Soon whieh Ss 


acth ae a group of automorphisms can be extended to an NS home 
morphism “and every such group Scan be represented asa 


quotient group ofa free S proup © 


1. Orthogonal sums 


AT] proupea: conmmdered are again (ROS) groups and) their home 


morphisms are 7 homonvorplian )d' (Ae AN) is a fined family of 


such group \n orthogonal sum Q of the proups QO) with defining on 
pectiona pi anal «fe fining propections 7) im piven by an (AOS) group 4) 
together with A homomorphism fe OC) ~ 02 ry G2 «Od, meh that 


(4.1) 


Thus the 7) are in fact projections, the 2° injection 1f 42) im another 
orthogonal sum of the groups (), defined by proyoetionn ry and mize 
tions 2 andafti the Ao homomorphism 7 02» G2" satintio 


(/ j “ " BR for all A, (4.2) 


, ry i 
(willbe called an orthogonal homomorphism, The products and inversen 
Of such homomorphinia are again orthogonal, af defined 

For the given orthogonal sum @ let @(Q) be the subgroup generated 
by the groups Tm 2! and denote by CCA) GQ) * €(Q), Cor) CQ) 4), 


the homomorphism induced by 2 ry, respectively, Let further 


F(d2) 4) NM Kerr, 
\ 
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and denote by 
Rip), Gy > FQ) Bory): F(Q) + Ody 

the induced homomorphisms, With these homomorphimms €(Q) and 
A(Q)) are ayain orthogonal sume of the groups (2) and the myeetion 
(2) - (2 and the projection py GQ » F(Q) are orthogonal, Ta, 
in an teotmorphinm, (2 in sank to be covered, if py is an isomorphic, 
' ud te be filtered. Vhus €(Q2) in covered, (2) is filtered, Tf 
is an orthogonal homomorphism, then there oxit unique 


orthopyornal lormvonios pol “thin 
CO) CY) =» ON) RO): PQQ)» Fa) 


eh threat thie diayram 


ita 


/ / 
h(dd) . hiQd) 


im Cotiutative rom the definition it follows that CO) om alwayve 
An op iorphian and dean isomorphinmn i die a reriannion polite (0) in 
(wave a monomorphian and ian isomorphism af (te an epimorpliin 


Inf 4b) all orthogonal stim are sume of the groups 
h | \ 


1) The free (RN) sum Qof the qroups Qy with its defining enjee 
and associated propecttons yy ia a cove red orthogonal sum, and 
for every covered orthogonal sum QQ there eaiata a unui orthogonal 
epimorphism Q = Q 
(hb) for every orthogonal sum QQ there exists a unique orthogonal homo 
morphiam Q 4) 
1 covered orthogonal sum Qiaa free (RS) sum of it satisfies (a) or (b) 
(i) The cartenan (RS) sum QQ of the groupes Gy with ita associated in 
jectionsa PB and ate defining projectiona ny ia a filtered orthogonal aum, and 
(a) for covery filtered orthogonal aum QQ’ there errata a unique orthogonal 
monomorphism 4)’ +2 

(h) for every orthogonal sum QQ) there eaxrata a unique orthogonal home 
morphiam Wo» Q 

1 filtered orthogonal sum Gaia a carteman (RNS) aum of at sliaftes (a) 


ol (hh) 
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Proof of (i). By (3.1) and [3.3], Q — %Q) is a covered orthogonal 
sum. If’ is an orthogonal sum with injections x and projections 7), 
there exists a unique R-homomorphism @: Q-+' with @0 a — a’ 
for all A. Then 


"A 


x ”, o8o as 


’ 


whence, by D (ii), », — 4), 08 for all A. Thus @ is orthogonal and (hb) 
holds. If @2’ is covered, then ¢,., ig are isomorphisms; we have seen 
that ((@) is an epimorphism, and so by the commutativity of (4.3), 
# is an epimorphism. 

If Q is covered and satisfies (6), so that we get an orthogonal homo 
morphism #;Q-+Q’, then Imé@ — ((Q’); this implies that satisfies (a). 
\pply (a) to get orthogonal epimorphisms 


42 —> #02), #62, > 2 


whose composite mapping is the identity mapping 42->+@. Hence the 
epimorphism Q —+ 9) is an isomorphism. 
By either (i) or (it) in [4.1], or directly from the definitions, there exists 


aunique orthogonal homomorphism gf, > + 4), which we shall denote 
! \ 


=“\> 


/ 


throughout this section by ws. 


(4.2) JfQisan orthogonal sum of the Grou ps Q), and if 


==) 


a 0, —»@. hb: 42 —> q) 


=<) SoA 
are the orthogonal homomorphisms associate d uith (). the v” the diagram 


$2, -—— () 


is commutative. Conversely, if this diagram is commutative for given 
R homomorphisms H, db, then there exist unique homomorphisms Q), — Q, 


~4),. so that is an orthogonal sum and @, & are orthogonal, 
Proof. Uf 6, é are orthogonal, then so is é o 6, whence by uniqueness 


db dof. Ifthe diagram is commutative for given R-homomorphisms 


d, 0, then we take #0 «4 as defining injections, 7, o ¢ as defining pro- 


jections of 2. Uniqueness is immediate. 

It is also possible to characterize the direct (R,S)-sum ¥ (), in terms 
of orthogonal sums. Assuming that we have defined the direct (2, S)- 
sum by the usual construction of a direct sum endowed with the 
natural (R,S) group structure, we get 
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[4.3]. Let Q be the direct (R,S)-sum of the groups Q). Then 


(a) Q is a filtered, covered orthogonal sum; 

(b) of Q' is a filtered orthogonal sum, there exists a unique orthogonal 
monomorphism QQ > OQ’; 

(c) if Q' is a covered orthogonal sum, there exists a unique orthogonal 
epimorphism Q’ > Q. 

Either (a), or (b), or (ec) characterizes Q uniquely to within orthogonal 


isomor ph i Sit. 


[4.4| Let Q be an orthogonal sum. Q is covered if and only if there 


EXISTS A SE quence #O, : Q 7 y Q), 


of orthogonal homomorphisms, and Q is filtered if and only if there exists 
} / J y 


— ¥Q, 8) +02, 


_ 
of orthogonal homomorphisms. 


14.3] and [4.4] are stated only for completeness’ sake; the proofs will 
be omitted. I only mention here that, by [4.1] and [4.3], YQ) can be 
represented in either of the forms F(a 02)) or C'(+402)). 

It is well known that, if the index set A is finite, then ¥ Q) —— 4+). 
On the other hand we have seen in §3, Example 1, that S 02) = ge) is 


also possible. 


5. Free and projective groups 

A subset Q’ of an (R, S)-group Q is called a free (R, S)-basis, or simply 
a free basis of Q if for every (R,S)-group A and for every mapping 
f: Q'-~S there exists a unique R-homomorphism ¢: Q—+ A whose 
restriction to Q' is f. An (R,S)-group which has a free basis is said to 
be free. 

For any set \’ of elements of an R group A, we denote by : “Ve the 
minimal #R-subgroup A, of A containing A’; we say also that A’ ‘s an 
R generating set of 4,. 

To construct free (R,S)-groups we return to the group X(S) con 
sidered in § 2. We verify that this group has |u| as free (Z(S), S)-basis. 
Let R= Z(S) U be the canonical representation of R derived in § 2. 
Put ¥(R,S) — X(S)/AX(S). 

This is an (R,S)-group by (2.2). Denote by 7 the image of [uw] in 
“(R,S). Then Y(R.S). 


If now A is an (R,8)-group, 6 an element in A, then viewing A as a 
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(Z(S),S) group we get an S-homomorphism ¢*: Y(S)-+ A with 
d*|u| = 6. But WA 0, whence WLS) © Kerd*. Thus 4* induces 
an R-homomorphism ¢: &(R,S)-> A with dr 6. We have shown 
that &( #2, S) has the free basis 7. 


THurorem 5.1. Let Q' be a non-empty set of elements in the (R,S)- 


group Q. Q' is a free basis of Q if and only if 
(i) for each w in QQ’ there exists an R-isomor phism 


Ly pe Z( R, S) 
with w being mapped onto r; 
(ii) 42 ts the free (R,S)-sum of the groups tw}, for win Q’, 
In particular Q is a free (R,S)-group uf and only if Q O or 2 is the 


free (R,S)-sum of R isomor phic COPIES of =(R, 8). 
Proof. We prove tirst the lemma 


Lemma 5.2. [f 0 is the free (R,S)-sum of (R,S)-groups Qy with 
defining injections v\ and if, for each A, Q) is a free basis of Q), then the 


set union Q' of the sets AQ) is a free basis of Q. 


This, in conjunction with the preceding result on <( AR, SN), establishes 
one half of the theorem. 

Assume that, in the situation of Lemma 5.2, A is an (A, 8S) group 
and f a mapping Q°-» A. Then there exist R-homomorphisms ¢’ 
(), +» A, coinciding on Q) with foo’. If J: Q—- A is the R-homomor 
phism with 0 «4 é* for all A, then @ coincides with f on x'Q) for 
all A, ie. on Q'. Two R homomorphisms db, ui which coincide on 2’, 
ie, on QQ) for all A, lead to homomorphisms ¢ o x, % o a’ coinciding 
on 0). By hypothesis ¢ « V whoa’ for all A, and so 4 ws. = This 
completes the proof of Lemma 5.2. 

For the converse we observe that for each w in 2° there exists an 
R homomorphism d,, O~+ 2/8. S) with bw = F 0 if w’ € Q’, 
w ¢ w. The restriction y of 4, to fw}, is an R-homomorphism, 


w 


Considering y,, in conjunction with the R-homomorphism 


0, a ( R S) > 1} 
determined by 67 w we find that ys, is an isomorphism, 
Now, for each w in Q’, let ¢,. be an R-homomorphism {w},,-» A. 


‘Take f: Q’ + Ato be the mapping given by fw — ¢,,m, and let 6: Q-> A 


be the homomorphism determined by f. If a® are the injections 


fw, >» Q, we get (boa”)w ~ dw. But we have already seen that w 
is a free basis of {w},, and so doa” — ¢,, for all we Q’. If now 4, yp: 
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{2-» Aare R-homomorphisms with ¢ 0 a® wb o a for all w in Q’, then 
in particular d and & coincide on 2’, i.e. yb. 
In the usual manner one proves the theorem: 
PHrorenm 5.3. KRvery (R,S)-group Q has a representation 
i: QQ, 
where Q is a free (R,S)-group and fb is an R-epimorphism. 
An (R,S)-group Q is said to be projective if every diagram of (R, 8) 


groups and 2 homomorphisms 


SF 


yw 


in which y& is an epimorphism, can be completed to a commutative 


diagram ©) 


We have the theorem: 

Throrem 5.4. The free (R,S)-sum Q of (R,S)-groups Qy is projective 
if and only if Q) is projective for all A, 

The proof follows at onee from the definition of a free sum. 

Following Baer we call an R-subgroup A of an (R,S)-group Q an 
Rretracttof QifA — Img, where g is an idempotent R-endomorphism 
of 2. As in module theory we get the theorem: 

Thtrorem 5.5, A free (R,S)-group is projective and an R-retract of 
a projective (R,S)-group is projective. Every projective (R,S)-group is 
an E-retract of a free (R,S)-group. 

From now on we take the near-ring R to have a (multiplicative) 
identity ¢«. We assume e¢ to lie in the distributive semigroup S 
generating AR. This imposes no restriction on the structure of R 
lef. (1) 1.3.1]; for the & groups Q considered it amounts to the assump 
tion that ¢ induces an endomorphism on @Q. 

In any (FP, S)-group Q the mapping 4: w-» ew is an idempotent 
R-endomorphism, so that Kern, is complemented by Im ng — ef. 
If d: 0 +A isan R-homomorphism, then doy, — y,0¢. An(R,S) 


group © is unitaryt if Q — eQ; eQ is always the maximal unitary 


t In [(2) 99) T called such groups ‘regular’; the term ‘unitary’ seems more 
appropriate however, 
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R-subgroup of Q, and Ker n, is the maximal R-subgroup of Q annihi- 
lated by R. 
[5.6] The free (R,S)-sum Q of unitary (R, S)-groups Q) is unitary. 
Proof. Write ng, = ya, denote the injections Q) + Q by a’. Then 


A A 
qQO% "© A 


for all A. But e, so that 10 a4 = ao my, for all A, where c is the 


identity mapping of Q. Thus ng = e. 

A subset ©’ of a unitary (2, S)-group Q is a free unitary basis of Q if 
for every unitary (#, S)-group A and for every mapping f: 2’ — A there 
exists one and only one R-homomorphism ¢: (2 — A whose restriction 
to 2’ is f. If the (R, S)-group Q has such a basis, it is said to be fre¢ 
unitary. Note that such a group is not in general free. The free abstract 
groups are the free unitary (Z, 1)-groups.t 

Using the methods leading to Theorem 5.1 one can prove the 
theorems: 


THEOREM 5.7, Q is a free unitary (R,S)-group if and only if Q is 
R-isomorphic to eQ, where Q is a free (R,S)-group. 

THeoreM 5.8. Let Q' be a non-empty set of elements in the unitary 
(R,S)-group Q; then Q' is a free unitary basis if and only if 

(i) for each w in YQ’ there exists an R-isomorphism {w},~ R* 
mapping w onto e; 

(ii) @2 is the free (R,S)-sum of the groups {w},,, wo © Q’. 

Theorem 5.8 is an analogue of Theorem 5.1. One can also establish 
the analogue of Theorem 5.3 for unitary groups. Requiring in the 
diagram (5.2) all groups to be unitary we arrive at the notion of a 
projective unitary (R,S)-group, and now again Theorems 5.4, 5.5 can 
be reworded for the unitary case. Since np is always an idempotent 

?-endomorphism, we see that the projective unitary (2, S)-groups are 
the R-retracts under 7 of the projective (R, S)-groups, so that a unitary 
group is projective unitary if and only if it is projective. 


+ Reeall that throughout we assumed all (Z,1)-groups to be unitary. 
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Ix the present paper the programme outlined in (3) is continued. Its 
principal aim is the development of a theory of categories and functors 
of R-groups and a more detailed treatment of some particular functors, 
which will subsequently be used for the introduction of satellite or 
derived functors of R-groups. 

As in module theory the main interest lies in additive functors. The 
first step here is to define appropriately an addition of group homo- 


morphisms when the underlying groups are no longer abelian. This 


can be done in essentially two ways, both arising out of a suitable 
generalization of homomorphism addition in module theory. The first 
of these leads to natural addition of group mappings |see, e.g., (3) § 1, 
and (2) 1, Example 3, where this was referred to as addition of the first 
type|. Always writing, as in (3), group operations additively, the sum 
of two mappings f, g: 2 + A, written on the left, is given by 


(f+-g)u = feo+gu. 


For non-abelian groups this sum of two homomorphisms need no longer 
be a homomorphism. Those group mappings 2 -> A which are generated 
by addition and subtraction of R-homomorphisms will however form an 
additive group HOM,(Q, A). It is these groups which then provide the 
natural criterion for additivity of functors. 

The formal theory of categories and functors as based on the groups 
HOM,(Q, A) is, however, not yet sufficiently general to cover the 
situations one has to expect. While additive covariant functors can 
be defined at this stage, we need a second type of addition, which may 
be ealled free addition for the introduction of additive contravariant 
functors. {In (2) 1, Example 5 this was referred to as addition of the 
second type.| The procedure leading to this operation is, however, no 
longer universal; a set § of homomorphisms 2 -» A has to satisfy 
special conditions to admit a free addition-structure. Writing, for 
reasons presently to be discussed, the homomorphisms on the right, 
(2 is required to possess a basis for §, i.e. a generating set 2’ such that 


Quart. J. Math. Oxford (2), 11 (1960), 211-28. 
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for f, f, in § there exist elements f,, f’ € § with 


wf’ —wf, wf, = wf+wf;, 


for all w in 2’. Defining f+/, = f. we then obtain the required group 
structure on §. An additive contravariant functor of a category with 
natural addition of mappings takes this addition into free addition on 
the homomorphisms of the image category. 

Another important example of free addition, which accounts for the 
terminology, is provided by a free (2, S)-group Q, free either in the 
absolute sense of [(3) § 5] or relative to a category. A free basis of Q 
is then a basis for the R-homomorphisms 2 -- A, and this leads to a 
second type of homomorphism group to be denoted by HOWM,,(Q, A). 

The ‘left-right’ duality in ring theory and in module theory is lost 
when we go over to near-rings and R-groups, so that the question of 
writing mapping operators on the left or right acquires a deeper 
significance. We shall discuss this in some detail, considering a (left) 
category € of R-groups, in which the mappings are written on the left 
to form the groups HOM,(Q2, A). We obtain various types of additive 
groups: (i) the groups Q of the category C, (ii) the additive group R* 
of FR, (iii) the groups HOM,(Q, A). Between certain pairs A, B of such 
groups a multiplication is defined, and these multiplications are con- 
nected by associative laws. Moreover, whenever the products ab 
(ac A, be B) are detined, then we have the universal right distributive 
law (a,+a,)b = a,b+ay,b. 

Left distributivity on the other hand breaks down. We retain, how- 
ever, what we may call the special left distributive law: 


the elements a with a(b,+-b,) = ab,+-ab, generate the additive group A. 


It is in fact this law which forms the basis for the extension of the con- 
cepts of module theory to the present situation and provides the 


necessary structure for a significant theory. We have already in (2) 
stressed the importance of this law of ‘distributive generation’ in the 


theory of near-rings. 

In order to preserve the structural laws when considering a category 
with free addition—instead of natural addition—of homomorphisms, 
the mappings will now have to be written on the right. We are thus 
led to a second type of category, called a right category. Accordingly 
we get two kinds of covariant functors: ‘left to left’ and ‘right to right’ 
and two kinds of contravariant functors: ‘left to right’ and ‘right to 
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left’. The ideas discussed here will be used in the next paper to introduce 
the concept of a right R-group. 

The fundamental concepts will be developed in § | (left categories, 
the group HOM,,) and in § 3, 4 (right categories). 

In § 2 the notion of a variety will be extended to (R, S)-groups. We 
shall introduce a certain class of functors, called variety functors and 
show that group varieties and variety functors stand in bi-unique 
correspondence. This approach may be of some interest even for 
abstract groups. Here it leads to a generalization of the basic results 
on varieties to R-groups. 

The groups HOM, are to be investigated in § 5, where it will be seen 
that they define an additive functor forming a natural generalization of 
the functor of module theory. In a later paper we shall still have to 
consider the generalization of the other basic functor in module theory, 
the tensor product. 


1. Left categories and covariant functors 
The notation is throughout the same as in (3). In particular R is 
a d.g. near-ring. Group-operations will be written additively, unless 
otherwise mentioned. The definition of an R-group is that in [(3) § 1 B]. 
The mappings of a group Q into a group A—written on the left 
form a group MAP(Q, A), with the natural addition of mappings 


(f+-g)w fw+gew, for all w inQ. (1.1) 


The product g o f of mappings f: Q — A, g: A & is given by 


(q of )w q( fw), for all w in Q. (1.2) 
This operation is associative. If A is a set of mappings A + Q and B 
a set of mappings & > A, the symbol Ao B stands for the set of 
mappings aob (ac A, be B). The use of the symbol a ob, or Ao B, 
is always to imply that the product is in fact defined. The identity 
mapping of a group Q will be denoted by to. 

If 822, A are R-groups, hom,(Q, A) is the set of R-homomorphisms 
(2 -- A, and HOM,(Q, A) is the subgroup of MAP(Q, A) generated by 
this set. Unless A is abelian, the elements of HOM,(Q, A) are no longer 
necessarily homomorphisms. We have 

hom,(A,X) o hom,(Q, 4) ¢ hom,(Q, X). (1.3) 
When 91; Jo © MAP(A, >), fe MAP(Q, A), 
we get the ‘universal’ right distributive law 


(9,74 Jo) of 9, °f+g. of, 
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while, when 
g © hom,,(A, X), Si. fo € MAP(Q, A), 
we get the ‘special’ left distributive law 
9 °(fithe) = 9 ofitgo fs (1.5) 
By (1.3)-(1.5) we now deduce 
HOM,,(A, &) o HOM,(2, 4) © HOM,,(Q, 2). (1.6) 
The mappings of HOM,(Q,A) will no longer commute with the 
operations of R. If however the element s of R induces an endo- 
morphism on A, then, for all f in HOM,(Q, A) and all w in Q, fsw = sfw. 
This observation leads to the equation 
hom,(Q, A) N HOM,(Q, A) = hom,(Q, A). (1.7) 
Here Z is the ring of integers, and hom ,(Q, A) is thus the set of homo- 
morphisms of abstract groups.t 
In fact A is an (R, S8)-group for some distributive semigroup S in R 
generating R. It follows that, if fe HOM,(Q, A), then f commutes with 
the operations of S. If in addition f ¢ hom,(Q, A), this implies that f 
will commute with the operations of R. 
A (left) categoryt € of R-groups is a collection of R-groups containing 
the null group. An R&-group Q is projective for € if every diagram 
02 


Y 


>+—>— A—>—0 


of R-homomorphisms with exact row and with =, A in € can be 


completed to a commutative diagram 


If in addition Q lies in €, we say that Q is €-projective. A free basis 
for © in an R-group Q is an R-generating set 2’ of Q such that, for 


+ As in the preceding paper Z-groups are always understood to be unitary 
(Z, 1)-groups, i.e. abstract groups. 

t We shall throughout adopt a naive point of view and shall avoid going into 
the logical difficulties which arise in defining categories such as the category of 
R-groups. It may suftice that there are procedures to make such definitions 
rigorous. [Cf. (1).} 

§ As it stands this definition is as yet incomplete. The R-groups are merely 
the objects of the category € in the sense of Eilenberg MacLane. See footnote 


on the next page. 
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every group A in € and for every mapping f: 2’ > A, there exists an 
R-homomorphism ¢: Q-— A extending the mapping f. If 2 has such 
a free basis, then Q is free for C; if in addition Q € €, then Q is C-free. 
Clearly, if Q is free for €, then Q is projective for €. 

If € is the category of (R, S)-groups,t then a €-free group is the same 
as a free (2, S)-group in the sense of (3) § 5. There we defined a free 
basis Q’ of Q as a subset of Q such that for every group A in € and 


every mapping f: 2’ +A there exists a unique R-homomorphism 


Q -» A extending f. But by [(3) 3.3, 5.1]Q’ is then an R-generating set, 
and hence is a free basis for € in the sense of our definition here. 
Conversely, if 2’ is a free basis for €, then evidently the extension ¢ of 
a mapping f: 02’ + Ais unique. A similar remark applies to the category 
of unitary (R, S)-groups. 

A functor F of € in some left category €, of R,-groups is given by 
(a) a function associating with each group 22 in € a group F(Q) in ,, 
(4) a function associating with each pair of groups Q2, A in € a mapping} 

F: hom,(Q, A) + hom, ( F(Q), F(A)), (1.8) 
such thats 

A (i) F(«o B) F(x) o F(p), 

(ii) F(tg) = ria) 

(iii) F(x) is null if x is null, 
We shall also call F a covariant functor of € without necessarily specify- 
ing the left image category €,. 

The functor F is said to be additive if the mappings (1.8) can be 
extended to homomorphisms 

F: HOM,(Q, A) + HOM, ( F(Q), F(A)). (1.9) 
From (1.4), (1.5) it is easily deduced that the multiplicative rule A (i) 
will extend to mappings a, 8 in groups HOM ,. 


+ The symbol (R&, 8S) is used as in (3). S is thus always a distributive semi- 
group in R generating R. The definition of an (R,S)-group is given in 
((3) § 1). 

t Without danger of confusion we may use the functor symbol also to denote 
the mappings (1.8). 

§ A (iil) goes beyond the customary postulates for (non-additive) functors in 
module theory. It is convenient here to impose this additional postulate. There 
are important classes of non-additive functors of R-groups which all satisfy 
A (ili): such as the satellites of additive functors, to be introduced elsewhere. 

It is now seen that € is properly defined in the sense of Eilenberg—-MacLane. 
Strictly speaking we have two categories with the same objects. The abstract 
elements of one are the R-homomorphisms, the abstract elements of the other 
are the mappings in the groups HOM ,. No confusion can arise by not formally 
distinguishing between these two categories. 
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Let F be a functor of a left category € in a left category €,. If €’ 
is a subcategory of € and €, a subcategory of Cf, then F defines in a 
natural manner a functor F’ of €’ in Cf. We shall as a rule not distin- 
guish between the two functors F and F’. 

It will be useful to have the notions of a subfunctor and of a quotient 
functor of F {ef. (1)]. If @ is a covariant functor of €, if the group G(Q) 
is always a subgroup of F(Q) and if G(«) is given by the restriction of 
F(«) to G(Q), we call G a subfunctor of F. If moreover G(Q) is always 
normal in F(Q), then G is a normal subfunctor of F. In the latter case 
the groups F(@) G(Q) define in the natural manner a quotient functor 
FG. To detine a subfunctor G of F it will suffice to specify subgroups 
G(Q) of F(Q2), provided that it can be verified that, if a: Q— A is an 
R-homomorphism of groups in €, then F(x) maps G(Q) into G(A). Let 
G,, G, be normal subfunctors of F and put 

(G,+-G,)(Q) = G(Q)+ GQ), 
(G9 G,)(Q) = G,(Q) 9 GQ), 
(G,, @)(Q) = (G,(Q), G(Q)). 
Then 
[1.1] G,+G,, G9 G,, (G,, @,) are normal subfunctors of F. 
We shall now derive some general properties of additive covariant 


get 


functors. Almost immediately from the definition we 
[1.2] The property of being additive is inherited by subfunctors and 
quotient functors. Preservation of monomorphisms (epimorphisms) is 


inherited by subfunctors (quotient functors). 
| 1.2] will be of particular importance for the subfunctors and quotient 
functors of the identity functor / given by 
MQ) = Q, I(x) = a. 
For any group ® and any integer n, let m, be the n-multiple in 
nw for w in &. If F is an additive 
covariant functor, then 
F (nig) Ne pig): 


If m, is an endomorphism of the R-group 2, then by (1.7) it is an 


R-endomorphism. Hence rij.) is an endomorphism of F(Q). 
Assume now that Q is of finite exponent x. Then ny is null, i.e. 
Ning) is null. Hence we have the theorem: 


THeoreM 1.3. If F is an additive covariant functor and Q is of 
exponent n, then F(Q) is of finite exponent dividing n. 
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Next assume that Q has abelian group structure. Then —:, is an 
automorphism, and sO —t,yg) is an automorphism, whence F(Q) is 


abelian. We have the theorem: 

THEOREM 1.4. An additive covariant functor F takes abelian values 
on ahelian grou ps. 

Finally we prove the theorem: 

THeoreM 1.5. Let F be an additive covariant functor. If Q is the 
direct sum of groups Q, (¢ n) with injections x' and projections 7;, 
then F(Q) is the direct sum of the groups F(Q,) with injections F(a‘) and 
projections F(7;). 

For the proof we note that the mapping 

HOM ,(Q,Q) — HOM, ( F(Q), F(Q)) 
is now a homomorphism of near-rings. Theorem 1.5 will then be a 
consequence of the following criterion: 
n) be groups in some left category €', and let 


72>, 


7: 
kK 
and the identity mapping Q, + Q,; ift — k. Then Q is the direct sum of 


the groups Q, with injections x! and projections 7, Uf and only if 


ie tll : = 
(i) moa ue for alli, k, 


be homomorphisms in ©’. Let &, be the null mapping Q; > Q, of t + &k, 


(li) al om,+...+-a" 07, to: 


Proof. (i) is a necessary and suflicient criterion for 2 to be orthogonal 
sum |cf. (3) § 4]. If (ii) holds, then for w in Q we get 
w x (77, w)+...t+ a"(7,, w). 
Thus @ is covered | ef. (3) § 4]; moreover we see from this representation, 
using (i), that Q is filtered [ef. (3) § 4]. Thus Q is a direct sum. The 


converse is immediate. 


2. Varieties and variety functors 

In this section € is the left category of (R,S)-grouwps, or the left 
category of unitary (R, S8)-groups. € may more generally be taken as 
any left category of R-groups admitting the constructions and pro- 
cesses explicitly or implicity required for the definitions and theorems. 
Thus for the definition of varieties and variety functors, of covarieties 
and covariety functors and for the validity of Theorems 2.1-2.3 and 
Theorems 2.6, 2.7 it would suffice to take € as the category of R-groups 
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or of unitary #-groups. All groups considered lie in €, and their homo- 
morphisms are #-homomorphisms. The subcategories of € to be con- 
sidered are again left categories of R-groups. 

A subeategory & of € is a variety if 

B (i) whenever «x: Q->+ A is a homomorphism in © and Ac &, then 
Imac B; 

(ii) whenever «a: J+A is a homomorphism in © and Q): , then 

Imac B; 


(ili) whenever {Q)} is a family of groups in B and Q is thetr cartesian 


sum |ef. (3) § 3), then Qe B. 


A covariant functor V of € is a variety functor if 
( (i) V isa normal subfunctor of the identity functor T; 
(ii) V preserves ¢ pimor ph isms. 


By [1.2|, Vo will be additive and will preserve monomorphisms. 


From the definition we have the theorem: 


THeoreM 2.1. Jf V, Vy are variety functors, then so are V,+Vy, (V.53), 
and VN3, provided that VV, is normal in TI. 


Here J, V, is the composite functor with groups 


We V(Q) = KK (Q)). 
With the usual definition of right-exactness we obtain the following 


characterization: 


THEOREM 2.2. A normal subfunctor V of I is a variety functor if and 
only if the quotient functor IV is right-exact. 

We shall now establish a bi-unique correspondence between varieties 
and variety functors. 


THEOREM 2.3. (i) If V is a variety functor, then the groups Q with 
V(Q2) — 0 form a variety By. 

(ii) Lf Bis a variety, then every group Q has a minimal normal sub- 
group V(Q) such that Q:.V(Q) lies in B. The groups V(Q) determine a 
subfunctor Vy of I, and this is a variety functor. 


(iii) V = Vif and only if B %,.. 


Proof. (i) Let B be the collection of groups Q with V(Q) = 0. By 
C (i), V(0) = 0, and so & is a subcategory of €. By C (i) and [1.2], 
V preserves monomorphisms, whence § satisfies B (i). By C (ii), 8 will 
satisfy B (ii). 
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Let © be the cartesian sum of a family {Q,} of groups in B with 
defining projections 7). By hypothesis V(7,) is null for all A. But V(7),) 


is given by the restriction of 7, to V(Q). Hence 


V(Q) < ff) Kerz, = 9, 
A 


~-QER. 

(ii) Let B be a variety. For every group Q let 1’(Q) be the intersec 
tion of the normal R-subgroups A, of Q with QA, in B. V(Q) isa 
normal R-subgroup of Q. There exists a natural R-monomorphism of 
(2 1(Q) into the cartesian sum of the groups 2A). By B (i)-(iii), 
Q V(Q)e¢ B. Denote by 7, the projection Q + Q/V(Q). 

Let x: £2-+ A be a homomorphism in €. By B (i), Im(z, 0 a) € &, 
whence, by B (ii), Coim(z, 0 «) € &, i.e. Ker(7, 0 a) 2 V(Q). Hence « 
maps 1(@2) into Kerz, = V(A). V is now seen to be a normal sub- 
functor of J. 

Next |S x: Q-» A be an epimorphism. Im V(«) is then normal in A, 
and x induces an epimorphism 

QV (Q) + A Im V(x). 
By B (ii), A Im V(a) € &, and so V(A) Im V(«). 

(iii) Let B bea variety, V = Vy: then Band &,- both consist precisely 
of the groups 2 with V(Q) = 0. 

Next let V be a variety functor; put 8 = ¥B,, }, = Vy. We consider 
the projections 

7: Q+-Q V(Q), 7,2 Q > Q/V,(Q). 
( (i), V(7) is null, whence, by C (ii), Q/ V(Q) € B, and so V(Q) 2 4,(Q). 
On the other hand by definition V(Q)1j(Q)) = 0, and so V(z,) is null; 
therefore V(Q) ¢ V(Q). 

Using the fact that every group 2 in € has a representation by an 
exact sequence Q + Q +0 with Q C-free [ef. (3) 5.3] we get, for any 
variety U with associated variety functor V, the theorem: 

THEOREM 2.4. (i) The B-free groups Q are precisely those groups which 
have a representation by an exact sequence 

0+ VQ) +Qs+02>0, 
where Q is €-free; 

(ii) the groups Q in B are precisely those groups which have a repre- 
sentation by an exact sequence 

Q+Q + 0, 
where Q is B-free; 


(iii) the B-projective groups are the R-retracts of the B-free groups. 
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By Theorem 2.4, 8 is completely determined by the groups V(Q), 
where @ lies in the category of C-free groups. We now show that the 
classical characterization of varieties in terms of fully invariant sub- 
groups of free groups can be extended. The analogue of a fully invariant 
subgroup is that of a normal #-subgroup & of 2 which is mapped into 
itself by hom,(Q2,@); such a subgroup will be called a fully invariant 


R-subgroup of Q. 


THEoreM 2.5, If V isa variety functor and Q © ©, then V(Q) is a fully 
invariant R-subgroup of Q. 

A fully invariant R-subgroup X of a €-projective group Q determines a 
variety B by the law: Ac B if b> Ker x for all x in hom (2, A). Also 
= = VQ). 

Proof. The first assertion is immediate by the definition of a normal 
subfunctor of J. 

Let then © and & be given as in the second part of Theorem 2.5. 
¥ is clearly a suleategory of € satisfying B (i). 

To establish B (ii) consider a homomorphism x: A —- A, in €, with A 
in B. 2 being projective, any element 8 ¢ hom,(2, Im «) can be written 
as a product «’ oy, where x’: \ > Im is induced by x and 

hom ,,(@2, A). 
Since X Ker y, so also & Ker f. 

For B (iii) let A be the cartesian sum of a family {A,} of groups in 
B with defining projections 7). If «¢ hom,(@2,A), then, for all A, 
7,0 x1 © hom,(Q, A,) and so X Ker7, oa. Hence 


">> N Ker 7, = 0. 
\ 


denote by 7 the projection Q . Since 
» get , - , 
te Ker 7 V(Q). 
Next let 7’ be the projection Q +Q%. If «¢ hom,,( .), then, 
since £2 is projective, 3 Pp « 1 
B= z Ker z’, 
and so = Kera. Therefore QS ¢ &, ie. ¥ ¥7(@2). 
Examples. (1) The category of unitary (R, S8)-groups is a variety of 
the category of (R, S)-groups. 


2) If a is an ideal in R, the (unitary) (R, 8)-groups annihilated by 
a form a variety. 


(3) If B° is a variety of (Z, 1)-groups, i.e. a variety in the classical 
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sense, then the (R, S)-groups whose underlying abstract groups lie in 
BW form a variety ¥B of (R, 8)-groups. 

There is a dual concept to that of a variety. A subcategory § of € 
is a covariety if it satisfies B (i), (ii) and 

D. Whenever {Q)} is a family of groups in & and Q is their free (R, S)- 
Sun ict. (3) § 3], then () ay. 

A functor F of € is a covariety functor if 

EK (i) F is a subfunctor of I. 


(ii) Whenever «a: A + Q is a monomorphism in ©, then 


Im F(x) Ima F(Q). 


The covariety functors satisfy a dual law to Theorem 2.2. 


THEOREM 2.6. A covarie ty functor is left-exact. 


Dually to Theorem 2.3 one finds 


THEOREM 2.7. (i) If F is a covariety functor, the groups Q with 
FQ () form a covarte ty ye. 

(ii) Lf & is a covariety, then every group Q has a unique maximal sub 
group F(Q) lying in ®&. The groups F(Q) define a subfunctor F® of 1, 
and F wa corarte ty functor. 

(iii) F FS if and only if & we 

Examples. (1) With the usual connotation of the symbol (2, 8) let S 
be a multiplicative group. Let F(Q) be the subgroup of Q of fixed 
elements of S. F is a covariety functor. The corresponding covariety 
is given by the groups fixed under S. 

(2) The unitary (R,S8)-groups form a covariety of (&, S)-groups. 

(3) If R is a ring with identity, S R* and a an ideal in R, the 
unitary (#,S)-groups annihilated by a form a covariety of (2, S)- 


groups. 


3. Groups of right R-homomorphisms 

In the present section we shall consider right R-homomorphisms. 
The mapping symbol is now to be written on the right; thus a right 
R-homomorphism £2 — A is characterized by the equations 


(w,+-ws)f = wyft+wof (a1, a. €2) | 


(3.1) 


(ww) f x(wf ) (wEQ, xe R) | 
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The product fo g is again defined by composition: 

w(fog) (of )g, 
and is thus associative. With each left (right) R-homomorphism f there 
is associated its right (left) opposite f” (f') by wf’ = fw (f'w = wf). 
With the obvious meanings of the symbols involved we have the rules: 

f" f Ff” f; 

(fogry=gof’, (fogl=gof". 

We denote the set of right R-homomorphisms (2 — A by hom),(Q, A). 

So far our definition has been a purely formal one without real new 
conceptual content. We shall now, under certain hypotheses, introcuce 
an addition of right R-homomorphisms which may be called free 
addition and which again will satisfy the universal right distributive 
law lef. (3.1), [3.2]] and the special left distributive law lef. (3.2), [3.3]]. 
A group & of right R-homomorphisms Q — A or brietiy a group §: Q— A 
is given by an additive group § whose elements are right AR-homo- 
morphisms 02> A. An element w € Q is distributive for & if 

wi f; +f) wf +wf,. for all Ty fs in RF (3.2) 
We denote the set of these elements by )(Q, ¥%) and postulate 

F. D(Q, ®%) is an R-generating set of Q. 

This implies in particular that the zero of § is the null mapping. 

\ basis Q in Q for the group ¥ is a subset of D(Q, %) which is at the 
same time an /-generating set. To verify F it will of course suffice to 
find a basis in Q for ¥%. 

The group A is an (R&R, S)-group for some S [ef. (3) § 1]. It is easily 


seen that SD(Q, *%) D(Q, &). (3.3) 


By F it follows that SD(Q, &) uy D(Q, &) 
is a set of generators of the abstract group Q. Hence, by (3.3), 
[3.1 | If ®& isa group of right R homomorphisms 02 —» A, then D(Q, ®) 
is a generating set of the abstract group 2. 

The converse of [3.1] is trivial. 

Let § be a set of right R-homomorphisms Q— A. A basis Q’ for the 
set § is an #-generating set of Q such that (i) for fe § there is an 
f' = § with wf’ wf for all w in ©’, (ii) for f,, f. © § there is an f © § 


with wf,-wf, — wf tor all wae Q’. Then f is determined uniquely by 


f,, fg: the operation f, +f, — f will define a group structure, and the 
: Q —- A with basis 2’. 


resulting group is a group § ¢ 
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The following laws of composition are immediate: 

[3.2] Let &; be groups Q + A; (i = 1,2) both with basis Q'. If 

q § hom},(A,, A.) and %1°9 S &e, then for all f,h © &, 
(f+h)og =fog+hog. 
3.3] Let &; be groups A; > Q with bases X’ (i 1,2). Jf 
g © hom),(A,,4.), go ® Sw, Aig S Ay, 
then for all f, hin & 
go(f+h)=—gof+goh. 

If \ has abelian group-structure, then HOM,(Q, 4) consists precisely 
of the elements of hom,(@, A). It is then easily seen that 

(3.4) If A ts abelian and & a group Q— A, then the mapping f > f 
induces a monomorphism 

® > HOM,,(2, A). 

Assume that Q has a basis 2’ for the set hom,(Q,A). We shall 
denote the resulting group Q — A by §OM,(Q, A) Q’. This group will 
still depend on the choice of Q’. The following theorem leads however 
in many cases to essential uniqueness. 

THeoreM 3.5. (i) Let Q', QO” be bases for hom)(Q, A) and let Q' <Q", 
Then the identity mapping on hom',(Q, A) gives rise to an isomorphism 

HOM),(Q, A) Q” ~ HOM,(Q, A) QO". 
(ii) Let B be a right R-automorphism of Q and let Q’ be a basis for 


) 


hom},(Q2, A). Then Q” — Q'8 is a basis for hom'),(Q, A), and the mapping 


B,:f—>Bof 


18 an rsomor ph ism 


HOM,(2, A) Q” ~ HOM,(Q, A) 0’. 


Proof. (i) and the first part of (ii) are almost immediate from the 


definitions. For the last part denote addition in A by +, and addition 
in the two groups Q -» A by +-’ and +” respectively. For all w in ®’ 
we have 
wl Bo (f+"g)| = (wB)(f+"g) = (wB)f+(wB)g 
w(B of )+w(P og) wi Bo f+’ 

Therefore Bof+’Bc 4." 
as required. 

THEOREM 3.6, Let Q' be a basis for hom),{Q, A). Then the mapping 
ff" f © hom,(Q, A)) sets up an epimorphism 

p: HOM,(Q, A) + §OM,(Q, A) QO’. 





224 A. FROHLICH 
Proof. We consider the subset H of elements f¢ HOM,(@2, 4) which 
have the property - , 
Pens 3 pf e HOM)(Q, A) Q 
with fw | pf | for all w in 0’, (3.4) 
If pf exists, it is of course uniquely determined by f. Clearly 
hom,(Q2, A) ¢ H; 
when f ¢ hom,(&2, 4), we have 
pf | ig (3.5) 
If f, gy = H, then we verify easily that f—g ¢ H and 
p(f—g) = pf—pg. (3.6) 

Thus // is a subgroup of HOM,(@, A). Since hom,(Q, A) is a generat- 
ing set of the latter group, it follows that p is defined on all its elements 
and, by (3.6), (3.5), p is a homomorphism uniquely determined by 
the mapping ff”. (3.5) then shows that p is an epimorphism. 

If A is abelian, then the two types of addition of homomorphisms 
()-+ A coincide. More precisely we have, using Theorem 3.5 (i), 

| 3.7 | If A has abelian group structure, then Qisa basis for homs,(Q2, A). 
For any basis Q2’ of Q the group structure of HOM,(2, A)/Q’ is unique ly 
determined by and A. Thus Pp is an isomorphism. 

The groups §OIM,(Q, A) Q’ arise naturally if Q is a C-free group 
with free basis 2°, € being some left category, and if A is any group in 
€. Then @’ is a basis for hom),(Q, A). If all free bases of 2 are of the 
same cardinal, then they are equivalent under right R-automorphisms. 
Hence by Theorem 3.5 (ii) the groups HOM,(Q, A) Q’ are determined 
by © and A to within isomorphisms 8,. These isomorphisms § 
moreover natural in the following sense. If fe HOM,(Q, 

q hom,(A, Y) then 
Bs.(fog) = (By f)og. 

The preceding discussion applies also when 2 is a €,-free group, 
A a group in a left category €, and €, is a covariety of €. 

Examples. (1) Let & = X(R,S) be the absolutely free (R, S)-group 
on one generator 7 (cf. (3) § 5). Taking 7 as a basis we obtain a group 
HOM,(L, A) defined whenever A is an (R,S)-group. The mapping 
f » cf will then set up an isomorphism 

HOM,(X, A) ~ A. (3.8) 

(2) Let R bea d.g. near-ring with identity e and let € be the category 

of R-groups on which e acts as an endomorphism. Let €, be the 


category of unitary R-groups. With e as a basis, R° is €,-free and we 
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obtain groups HOWM,,( R*, A) when Ac €. The mapping f — ef induces 
an isomorphism = ‘ 

HOM,( Re, A) ~ eA. (3.9) 
In particular, if A ¢ €,, then 

HOM,( Re, A) ~ A. (3.10) 

(3) Let S be a multiplicative group, R — Z(S) be the free near-ring 

on S (ef. (3) $2]. In the category € of S-groups the groups which are 

element-wise fixed under S form a covariety €,. Considering Z as 

a group in ©, we see that | is a free €,-basis, giving rise to groups 

HOW,,(Z, A) for Ain €. If F is the associated covariety functor, then 
the mapping f — 1f induces an isomorphism 


HOM,(Z, A) ~ F(A). (3.11) 


4. Right categories and functors 


A right category © of R-groups is given by (a) a collection € of 


R-groups including the null group, (4) a function associating with each 
pair of groups A, © in € a set €(A,X) of right R-homomorphisms 
A-+X. The sets €(A,%) will be ealled the mapping sets of €. We 


postulate 
Gi) €(A,X) o ©(Y,Q) < C(A,Q), 
(ii) e} € (A, A), 

(iil) C(A,X) contains the null mapping. 

The category € is additive if (i) the mapping sets are groups of right 
R-homomorphisms, now to be called the mapping groups of ©, and if 
(ii) each A in € has a subset A’ which is a simultaneous basis for all 
the groups €(4,%). A’ will be called a basis of A for €. It is clear 
that there will then exist a unique maximal basis of A for €, to be 
denoted by D(A). D(A) is the intersection of the sets D(A, €(A,)) of 
distributive elements, for all © in €. 

By | 3.2] and G (i) an additive category € satisfies the universal right 
distributive law, i.e., for A, ©, Q in € and for all g,, g, in €(A, X), all 
fin €(X,Q), 

(91 +-92) Of J, Of +g2 Of;. (4.1) 
Anelement f in €(A, ~) is distributive if, whenever Q € €, g,, go © €(X,Q), 
fO((+G2) = fON+S © G- (4.2) 


The additive category € is distributively generated if, for all A, x € ©, 


then 


(A,X) is generated by distributive elements. 
2.11 Q 





226 A. FROHLICH 


From [3.3] we get for additive categories 


[4.1] The following three statements on an element f in €(A,>) are 


equivalent: 
(i) f is distributive; 
(ii) A’f D(X) for some basis A’ of A for ©; 
(iii) D(A)f D(). 
We can now complete the definition of a functor (cf. § 1). Let € be 
a category of A-groups and ©, a category of R,-groups. A functor F 
of € in €, is given by (a) a function associating with each group Q in 
€ a group F(Q) in €,,.(+) a function associating with each pair of 
groups @, Ain € a mapping F (— F) ,) as follows: 
(1) € left, ©, right 
hom ,(@, A) > €,( F(A), F(Q)) 
(If) € right, ©, left 
(22, A) + HOM,, ( F(A), F(Q)) 
(111) €, €, right 
(02, A) > €,( F(Q), F(A)) 





The following postulates are to hold: 
H (i) F(«xof) = F(a) o F(B); 
(ii) F(ty) = tag 
(iii) F(x) is null if « is null. 
Here «, is to be written on the right or left as the case may be. 

The case ‘C€, €, left’ not covered in (4.3) has already been dealt with 
in $1. There exist thus two types of covariant functors, ‘left to left’ 
and ‘right to right’, and two types of contravariant functors, ‘left to 
right’ and ‘right to left’. 

For the purpose of defining additive functors left categories will be 
considered to be additive. Then let €, €, be additive categories. The 
functor F of € in ©, is said to be additive if the mapping F given by 
(4.3) gives rise to a homomorphism, replacing in case (1) hom,, by 
HOM,,. It can be verified that H (i) will still hold in this wider sense. 

Subfunctors and quotient functors can again be defined as in § 1, 
[t is, however, no longer true that a subfunctor of an additive functor 


is necessarily additive. On the other hand we have the theorem: 


THEOREM 4.2. A quotient functor of an additive functor is additive. 
1 ; 
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Proof. For functors with values in a left category this is immediate. 
If F is an additive functor in a right category €,, we can assume with- 
out loss of generality that all the groups in €, are values of F and that 
the mappings F of (4.3) are epimorphisms. If now @ is a quotient 
functor of F, then it is a composite functor LF, where L is a quotient 
functor of the identity functor of €,. It will then suffice to establish 
the additivity of L. 

For each A in €,, let A’ be a basis in A for €,. Denote by 7, the 
epimorphism A — L(A). If ae €,(A,&), then L(x) is determined by 

(d7,) L(x) d(a 0 7), 
where it suffices to consider only the elements 6 of A’. A simple 
calculation now shows that A’z, is a basis for the homomorphisms 
L(x) (we ©(A,%)). The additivity of L is immediate. 

The definitions given here can in the usual manner be extended to 
functors of several variables. Thus a functor F(Q,,2,) in two variables 
will associate with each fixed Q, a functor in the variable Q,, and vice 
versa, and moreover the mappings induced by homomorphisms Q, + Q) 
commute in the usual way with those induced by homomorphisms 


(2, -> (25. 


5. The functor HOM,, 
Let Q be a fixed R-group, € a category of #-groups, and, for A in €, 
- A(A) = HOM,(@,A), — a(A) = hom,,(Q, A). 
If x «© HOM,,(A, ), f € A(A), then, by (1.6), x0 fe A(X). Define A(a) by 
A(a)f = aof. 
Then, using (1.3)-(1.5) we get 
[5.1] A isan additive functor of © in the left category of abstract groups. 


A preserves monomor phisms. 


If the sequence 0-» A» M' > A” is exact, then 
KerA(p) Im A(x) Ker A(B) 9 a(A’). 


With the same connotation of € and Q, for A in ©, put 
BA) HOM,,(A, 9), h(A) hom,,(A, 2). 
HOM,(%, A), fe B(A), then foawe B(X). Put 
{Bla) = foa. 
Denote the set of such mappings B(x) by B(A,X). Each element of 
this set is a right Z-homomorphism (A) -+ B(X), and, by (1.5), (A) 
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is a simultaneous basis for the sets B(A,X), © ¢ €: each such set can 
thus be made into a group A>. Finally let b(A,%) be the subset 
of B(A, L) of elements B(x) with « in hom,(%, A). Then 

5 The groups B(A) with mapping groups B(X.S) and simultaneous 


» 


”. 


bases b({A) form an additive right category 8B of abstract groups 
elements of b(A,X) are distributive 


The 
and generate B(A,X): B 
distributive ly gene rated, 


Bis thus 
Bis an additive functor of Cin B. 


If the sequence N > A’ >A’ 


-Ois exact, then 
Ker B(x) Im (8) Ker B(x) 9 6(A’), 


Ker B(p) 0. 


Finally, by the associativity of the mapping product we conclude that 
5.3) HOM 


} (42, A) is a functor in the rartables Q and A. 


\nalogous results can be established also for HOW,,(Q, A) Q’ 
for tixed @ and Q’, 


Thus, 
we obtain a covariant functor of the variable A in 


a right category €. The isomorphisms (3.8)-(3.11) then give rise to an 


equivalence of functors. The same is true for the isomorphisms derived 
in Theorem 3.5 from a change of basis. 
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1.1. Ler ¥ a, be a given infinite series, and A, a positive monotonic 
n-~1 
increasing function of n, tending to infinity with ». For r > —1, we 
write 7 ‘ 
A’ (x) S (x—A,,)’a,,. 
I 


A Nee 
We also write A(x) A\(x). 
When / 0, the series ¥ a, is said to be ‘summable (R, A, k) to the 


, e 
Vaile s (2). if . 
lim x *A*(xr) 8. 
Tr »*7 


The series S a,, is said to be ‘strongly summable (Pf, A, /) with index q’, 
or ‘summable | R.A, k,q] to the sum s’, where k > © and q > 0, if 


| = (k A‘ I(x) s@ dy o(w),t 


as w-»% (6). We write ‘summability |R,A,4] for ‘summability 


[R.A,k, 1). Further, if 2-*A*(x) is of bounded variation in (A, ©), where 


A is a finite positive number and k > 0, then the series ¥ a, is said 
to be ‘absolutely summable (#,A, 4)’, or ‘summable &,A,k ” (3), (4). 


1.2. For summability (R.A, /) the following theorem was established 
by Hardy and Riesz. 

THEOREM |(2) Theorem 20]. /f A, and Sa, is summable (R,A,k), 
then 7 a A h is summable ( R, l. k a whe re l, f An. 


The analogous theorem for summability R.A,’ has been recently 
proved by Tatchell (7). The object of the present paper is to investigate 
the corresponding problem for strong summability. Theorem 1 of this 
paper gives that, if summability | R.A, k,q| (q¢ 1) of the series ¥ a, is 
given, then the summability factor {A;*} makes the factored series 
Sa,A,* summable [ R,/,k,q], as in the case of ordinary and absolute 
summabilities. But, when the index q is greater than unity, Theorem | 

+ The lower limit of the integral may be any finite positive number. Here and 
elsewhere, in such cases, the lower limit is omitted. 

+ For another form of definition see (1) and (5). We remark that what is here 
described as *‘summability [R, A, k, q]’ is the same as what Glatfield (1) calls 
summability R, A, k—1)% ’ 


Quart. J. Math. Oxford (2), 11 (1960), 229-40. 
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shows that even the factor {A,**!-"4} serves the purpose. Moreover, 
Theorem 2 shows that a less restrictive condition than summability 
[R,A,k,q] (¢ > 1) of Sa, suffices for the summability [R,1,k,q] of 
> a, A;*. 

I thank Professor B. N. Prasad for his kind guidance in the prepara- 
tion of this paper, and I am much indebted to a referee for helpful 
suggestions. 


2.1. I prove the following theorems: 

Tueorem 1. Jf 4, >0, g>1, kg’ >1, and Ya, is summable 
[R,A,k,q], then Sa,r,**"% is summable [R,l,k,q], where l,, = e» and 
qt+q'? = 1. 

THEOREM 2. /[f (i) $a, is summable [ R,A,k] to the sum zero and 

y 
(ii) | A*(x)4dx = 0(wk) 
as w—> &, then ¥a,,A,* is summable [R,l,k,q], where l,, = edn, Ay > 0 
q > land kd > 1. 


’ 


2.2. The following lemmas will be required in the proof of the 
theorems: 


Lemma | [(2) 27, Lemma 6]. If k > 0, wp < 1, ane < k, then 


P(ik—pt+ 


: 
Ak-#(2x) = Sl a * Ak(t it. 
A (2) P(kK+ 1 ( 1 at ] ile wre 


1 
Lemma 2. If G(x) | d(x, u)g(u) du, 
0 
w w 1 
then |} dG(x) <limsup | d,¢(x,u)) | glu) du. 
Ps Oce<t Gc 0 
This lemma can easily be seen to be a particular case of another, 
wherein we have « in place of w, given by Tatchell [(7) Lemma 1 (iii)]. 


2.3. Proof of Theorem 1, We suppose, without any loss of generality, 
that the sum of the series $a, is zero. We also observe that, since 
kq’ > 1, the condition 

ny 
| je~ vAT Wr) Idx 0(w) 
w 


is equivalent to | AR Vax) @ dx = 0(w*-4+1); 
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and we have to show that, for some value of s, 


WV) —sxk 1/9 dx = 0 (ws*-8+1), 


where D¥-(x) denotes the Riesz sum of type / for the series 
7 —k+1 
> a, A, 


Changing the variables, it is easy to see that the result to be obtained is 
w 


Dk-\(er)— gelk-Dr \der da — o felk Da+Tje} 


From now onwards we drop the suffixes A and /: that is to say, we 
write simply A’(2x) and D'(x) instead of A’ (2) and D(x). We have 


e 


| ¢ . 1dD(u) 
i 
-y 
| (et —e)k-! dD(et) 
xy 
4 
{ (et —elyk-tt-k +10 A(t), 
Xi 
Case (i): k an integer. 
Integrating by parts / times, we obtain 


Dk 1(e7) Ak I(x)e* Dr a —k+14¢ 


(- , 7 : 
qi Ak Ho: ) {(e=—ef)k-t-k 14} dt 


+o=W 
PY 
I,(x)+-I,(x), say. 


It is easy to see that, by virtue of the hypothesis, i.e. condition (2.1), 
w w 
| |2,(z)|*e? dx = | |A*-"(x)e*-Dr z-k+1@ \¢ et dz 
Ofek 1)qae,) (-—k+1lq¢’ Me \¢ O(w (k—1a+1) 
0 {eltk—Da+ jw) | 


Hence, by Minkowski’s inequality, we have only to show that, for some 
value of s, 


I(x) = se*-*¥ + J(x), 


where | et J(x) 4 dx = ofel'k-Watlio 





P. SRIVASTAVA 


I 


Cc ( Ak 1(t)(er et)k 1p—2k+1/@ dt 
x 
S ¢ ( Ak 1(t)(e*- et)k 1—peply—k—m+1 4’ dt, 


Ay 
where C denotes a constant which may be different at each occurrence 
and inside the sign of summation it may be different for each term of 
the sum. Further 


T(z) = C | A®-*(t)e*—Dag-th te’ dy 
} a 


YC | AMA (te otenty-k-mue dt 


Ay 


where 8 C | A*-"(t)t-2*+1@ dt 
A 
and 
- r 
J (x) Ci AR-V\(pye(k—Varg-2k +17 dt a ye | Ak-1(t)ek-1-p)teplt-k—m+17' dt 


i A 


CI (x)- > CE. 12). 


mp 


the summation being for p ‘—1 and m *; We now 
proceed to show that the integral on the right of (2.3) is convergent and 
that the condition (2.2) is satisfied. 
Since |(6) Theorems 1, 4] summability | R, A, &,q] implies summability 
(R.A, k) we have, under the hypothesis, 
A(t) = o(t*), 


= * 


Hence C ( AR-l(t)t-24+1 dt C i A*(t)t-2k#-1+1/@ dt +-C 


is convergent. And, again by Minkowski’s inequality, the condition 
(2.2) will be satisfied if 
| \eJ, (ax) %e7 dx = ofe'*-Datliw} 


and | J n(x) %e* dx 0 fel k-Dat or, 


pm 
Now J,(x) ole k Wz) | 


whence (2.4) immediately follows; and, by virtue of the hypothesis and 
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use of Hélder’s inequality, we obtain, for q > 1, 
Ww 


| J n(@) %e* dx 


i 


< r 


m4 ‘ 
[ ke t-parer dir! [ Ak-(t)em-k-mena’ gel” 
x 
rf -y “4 \o- 
Ofetk-1-pa+to} | dx | |A*-1(t)'4 dt' | erey-s-erien dt 
Ai Ay 
w 


Of elk 1 p+} of ( gk-Da+lepary (k—l)q 1 dx! 
id 


ofe' A Da+1jeo) | 


When g = 1, by virtue of the hypothesis, (2.5) can easily be seen to be 
true. This completes the proof of Theorem | for integral k. 


Case (ii): k not an integer and k > 1. 


We denote by [k] the integral part of k. Integrating by parts [k] 
times, we obtain 
- fa\ee 
Dk-\(er) | ol f(ex etyk 1¢—k 1a\4 k) 1(t) dt 
ct 
by ( Alk I(t)(ex ef)k k}-l,y kity k+1q dt 
8 
™ £) ( A k 1(t)(e* ef)k 1—peplt k-m+1q@ dt 
p 4 
J\(x)+-J,(x), say, 


where the summation in J,(x) is for p= 0, m = [k]; p 
[k]—1, m = 1, 2,..., [k]—1. Since k > 1, we have, by Lemma 1, 
r t , 
: 7 | . oF 
J(x O | (ex —¢et)kKAkl-1pikig—k+1 a dt | (t—u)i*l-A Ak-\(u) du 
du 
pv i 


r r 


C | ad Ak-l(u) du | (ex —e#)k-thl-1(¢ — yh —Kelkly-k+1a" df, 
J du 


Ai 


We put ¢ ax7+-u(1—r); then 
r 1 
ft - F 
J,(x) = ¢ | ; Ak-\(u) du | $1(x, U, T)b(ax, u, t)g(7) dr, 
au 


} 0 
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{ uXl—r)__ 1) {k]-1 


where Te , 
_ \(~—u)(1 —r)| 


elk Ij{rr+ul Har it u(l 


d(x, U, 7) 
Ofgh-teg-H+t0} 


and q(T) 7)k-1k)—1 tk} 
z= 


Integration by parts gives 
J(x) CAR-\ajek-Vry ke +O | Aku) du 


1 
P 
($1 $2}9(7) dr 
p cu 
Ay 0 
say. 


: J, (x) : J, (x), 


Now, by virtue of the hypothesis, 

w Ww 
| J, s(x) Ger dx = Ofeltk—-Datliw y,Ak-Ie-1h Ak-l(x)'\¢ dx 
ose k Da+l}w) 


Also (by Hélder’s inequality, when q > 1) 
1 


J, (x2) *@< C Ak-l(u) @ du : (4, $,)g(7) dr 
cu 
0 
. ; fe"? 


| du | “ (6, bo)g(t) dr 
cu 


Ai ‘oO 


1 
| g(r) dr 


Since 
0 
is constant, we have, by virtue of Lemma 2, 
r 1 =r 1 
. - C “ fal 
| du | = (bidadatr)de = | dy | dideg(r) dr 
cu J 
oa 


6 
< Climsup | d,,¢,¢,'. 
0<T<l 1" 
Ai 


ey 
Ay 0 


and x are fixed, ¢,(2,u,7) is a monotonic increasing function 


When r+ x 
of u, and ¢,(2, u, 7) is a monotonic function of u which is increasing from 
a certain fixed value of u onwards. Hence 
¥ a 
Climsup | d,4,¢. Of, (a, 2, T)bo(x, 2, 7)} Ofek-Dr y—k+1a 
O<r<l y 
al 

+ The O's are throughout to be taken as applying uniformly in all variables for 

all values which occur except where some restriction in the range of validity is 


explicitly stated. 
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cy - 


cu 


Also it is easily seen that O(1) 
Cho 
and —* 


Ofe*-iz x k+1lq . 
cu 


Hence J, (x) 4 Of hk Dax gk—Da-1} 9 (ak —-Da+1), 
Therefore 
w Ww 


| J, (x) |e dx = o | e*-Dare dx = o {el(k-Da+l}a} | 


We now proceed to consider J,(x). Integrating once again by parts, we 


obtain - 


J,(x) ad > C | A‘)(t)(e- et)k -1-pepty—k—m+1a' dt >» CI; m(X), 
X 


where p = 0, m = [k]+1; p = 1, 2,..., [Kk], m [|]. Since summa- 
bility [R,A,k,q] implies summability (R,A,’) [(6) Theorems 1, 4], 
under the hypothesis, by virtue of the first theorem of consistency for 


summability (R) (2), 4tk+1(¢) — 9 (feI+1) 


Therefore the integral 


(k (k}+1 = thle 
; A (t) dt —C A (x) ‘y, A rI+1(t) 
+{k}+1-lq kth +1-l4q tk+ 
x 


as x &, is convergent. If we denote the sum of this integral by s, 
we have : 
e—k-lr | (em —e!)k 14 ki(t)t k-{ki-1+17' dt -» 8, 
as «oc. Therefore 
Josuiss(Z) = se*-V* +0 (e*-), 
It will now suffice to show that 
Ww 


| Jo ul®) \*e* dx = ofel*—De+tia} 


We have (by Hélder’s inequality, when q > 1) 


zr 
Jym(X)|* = | |AM*N(t)|\¢(e7—ef)*-1-Per f-k—m+ 1a dt x 
Ys 
( "y \o-2 
x | (ez ef)k-1 Pert dt 
\/ J 
3 
Ofek 1Xq—1)r) Alk\(t) a(e7 —¢!)k 1—pept f{-k m+liq'\a dt. 


uy 
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Hence 
Gw 


| iJ, (2) |\%e7 dx 


pm 


w r 
ray) e(k-1kq—-lDrpr dx | Alk (t) a(er ef)k 1—p, ple k—m+1q¢ dt' 
gz A 

Al 

w Ww 
OK k-1Xq 1) | Alki(t) Gert —k—m+1/q'a df | (ev —e!)k-1—-Per dx 

po i 

Of eka —-Dw+(k—p)we pure, k+m—1/q )q} 0 (wi*la+1) 


0 fpl(k Da+l}o} | 


This completes the proof of Case (ii) of Theorem 1. 


Case (ili): lq’ << k< 1. 
The required condition 
Ww 


| | D*-1(e7)—se*-1 Ger dx 0 felk-Da+ljwr 


may now be rewritten as 


w 


“ d 
i 


qd 
DE 7 -sek«, dx o (eka), 
x 


Integrating by parts we obtain 
Dex 
| (ev —e!)At-+10 dA(t) 
5 
r 


(i "| | (er —el)Kt- kU A(t) dt +k | (e7—e!)k-lett-*+1 9 A(t) dt 
1 x . 
T(x)+-1,(7), say. (2.6) 


Differentiating, we have 
I 


A(t)(e* ef)k lprt-k-1+1 a qf 


dl,(x) 
dix 
A; 
a | (e ef kt k 1+1a 4(t) dt oe 6 ( (ez et)k lott k 1+1@ 4 (t)dt 

Xi py 
J, 


Under the hypothesis, since summability [R,A,’,q| implies summa- 
bility (R,A,&) [(6) Theorems 1, 4], by the first theorem of consistency 


(x)+J,(x%), say. (2.7) 
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for summability () (2), At) = o(t). 


Therefore, since kq’ > 1, 
C [ A(tt-k-' dt 


is convergent. Hence, if we denote the sum of this integral by s 


have J,(x) = sekri o (e**), 


Next, by Lemma 1, 
t 
J,(ax) | (ev7@—e)k¥ et t-*-1 10 dt | (t—u)-*A*-"u) du 
yi } 
C i A*k-l\(u) du | (e* ef)k-1(t— y) Keb t 4-114 dt. 
5 ; 


Lw(l—v): then 


1 


. 


"4h lin) du | ( 


Ak (u) du o (ek), (2.9) 


since summability | R,A,’,q] (q¢ 1) implies summability | R, A, &] [(6) 
Theorem 4]. Again, by Lemma lI, we have 
x t 
I,(2) Cc ( (e7—e)/ lpt¢—k+1q dt ( (t u) k 4h l(n)du 
4 i 
C ( A¥k-l(u) du ( (e7—e)k-Y(t—u) -*elt #1 dt, 
yi a 
Putting ¢ = a7-+u(1—r), we obtain 
r 1 
I(x) C [ A*k-\(u) du ( (x, u, T)d(x, u, T)g(r) dr, 
Ay 0 


(r—uX1—T) k-1 
| ¢ 1) 


\(2—u)(1—7)| 


where d(x, u. rT) O( l ), 


ek(rr+u(l—7)) 


d(x, U, me < Sa AAI 
F 7) fer+u(l—r)\*-14 
and g(r) ( 


We note that, since 
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is bounded for all positive y, we have 


1 cd 
c l 7) 


eit—uXl —7 
dy, cx le r—uk1—r) -1 (a 


(—k-+1/q’)r 


a7 +-u(1—r) 


Also 3 = br-+ 


Now, differentiating, we get 


r 


CAR y)ekty kl’ + A*k-\(u) du : fh, doig(r) dr 
CL 


dl, 
dx 


vy 
CA*-"(r)e*z-k+19 + J,(x), say. (2.12) 
It is easy to see that, by virtue of the hypothesis, 


w w 


C | Ak W(x )ekrty k+1lq@q@ dx Ol eke (k—Lq 1) | Ak 1(7) q dx 
o (eka), (2.13) 


Also the estimates (2.10) and (2.11) show that 
J,(x) <C ( Ak-l(u) K(x, u) du, 
’ 
A 
where K(x, u) | d, d.9(7) dr. 
When q 


J, (a) - Ofekty—*\ ( Ak-\(u) du o (ek), 


which together with (2.6), (2.7), (2.8), (2.9), (2.12), and (2.13) gives the 
required result. Now we have to consider the case when g > 1. We 


note that O(1) 


(2-4Kk—1 > ky 
| Oye (x—t)!-*} 

since , asy> 0, 
Further, do < eMu-ktl¢, 


if, now, we substitute these estimates in the integral for J,(7), we have 


to consider separately that part of the range of integration for which 
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x—t < 1, ie. where 1—7r < 1/(x—wu), ie. r > 1—1/(x—u), and that 
part for which x—t > 1. We remark that, when x—1 < uw, the first 
part includes the whole range of integration, so that the second part 


does not occur. We see that, for r—l <u <2, 


1 
K(zx,u) = Oye k+lig’ | g(r) dr) O(e*#a-*+17), (2.14) 
0 


while, for A, < u < x—1, 
K(x. u) O\eku k+1q’ 


1 
| er —wXd—rKk Df ( — y)( 1 — 7) }1 Kekizrt+ ul 7) y-k+1 0g (7) dr! 


J 


et—wre—k a 


where 


Si ki 
O(a —! Baap 2 
eit —ult, k dr 


O(1)+- Ofe2-(2—u)-*}. 
Hence, for A, : < z—l, 


K(x. u) Ofek -k+17 (7 —u)-*}. (2.15) 


t 
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We deduce from (2.14) and (2.15) that 


z 


( A(x,u)% du 


Bs 
o} kq'x } u kq'+1(y—y) nv dw j Oy eb ex kq'+1 | du) 


f 
| , g 
\ t—} 
r--1 
| * {I/l l ka 
Ol ek@s | L ) u ie + Ofeka'xy—ka'+1\ 
} lc u r uj} | 


(w—u)-*4 u du 


Olek tx 
Now an application of Hélder’s inequality yields 
J = , fae | YY : \} 
J,(x) Cc! | IA (u) | dw |} A(x, u) 4 du 
A di 
o (ack l 14) Olektx k+1iq’) o (ek), 
This, again, together with (2.6), (2.7), (2.8), (2.9), (2.12), and (2.13), 
gives the required result when gq > 1. Thus the proof of Theorem 1 is 


complete. 


2.4. Proof of Theorem 2. Inasmuch as the proof of this theorem 
follows by a slight modification of the proof given for Theorem 1, its 


details are omitted. 
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AND QUANTUM THEORY 


By WOLFGANG YOURGRAU, Dr.Phil., and STANLEY MANDELSTAM, Ph.D., &c. 
Second Edition 


This book is of particular value to students in their final year’s honours 
course in mathematical physics but it is of great interest to physicists and 
mathematicians all over the world. In this second edition the book has 
been enlarged to include a new chapter on the Feynman and Schwinger 
principles in quantum mechanics, and a paper by Wolfgang Yourgrau 
and C. J. G. Raw on variational principles and chemical reactions is in- 
cluded as a separate appendix. Price 32s. 6d. net 











From 
ination | PITMAN Parker St., Kingsway, London, W.C.2 

















SOVIET MATHEMATICS 
DOKLADY 


A Translation of all the Pure Mathematics Sections of 
Doklady Akademii Nauk SSSR 


The total number of pages of the Russian journal to be translated in 

1960 will be about 1,600. All branches of Pure Mathematics are 

covered in the DOKLADY in short articles which provide a compre- 

hensive, up-to-date report of what is going on in Soviet mathematics. 
Six Issues a year 


Domestic Subscriptions $17.50 
Foreign Subscriptions $20.00 
Single Issues $5.00 


Send Orders to 


American Mathematical Society 
190 Hope Street, Providence 6, Rhode Island 

















